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PREFACE 


T his book ia intended aa an introduction to aomo recent 
developments of Maxwoll’a electromagnetic theory which 
are directly connecto<l with the aolution of the partial differential 
equation of wave-motion. The higher developments of the 
theory which are baaed on the dynamical equations of motion are 
not considonxl at all. Even with this limitation the subject is a 
vast one, and to bring the work of perusing the literature within 
my power I have omitted an account of the modem theory of 
relativity which has been expounded very clearly in several recent 
publications. 

For a thorough understanding of the present subject a very 
extensive knowledge of mathematics is necessary, but there are 
parts of the subject in which a reader with only a limited 
mathematical equipment may soon fed at home and perhaps do 
useful original work. With the idea of enabling such a reader to 
obtain a quick grasp of the nature of the subject and the results 
obtained, I have thought it advisable to state without proof a 
number of relations of which ade<iuate demonstrations can only 
be obtained by means of oomplioatod and difficult analysis. 
I have also endeavoured to keep the analysis as elementary as 
IK^ible, but in some places where the work is perfectly straight- 
forward a few details are omitted. 

The book is ftur from being a complete treatise on the subject, 
for I have not given any existence theorems to show that the 
solutions of oortain preblems exist and are unique, md no 
attempt has been made to enter into the details of numerical 
(x>mptttations. There are many parts of the subject indeed to 
which a pure mathematioiui might mi^e useful additions; in 
partioatw, i might direct attention to p. 21, line 2, and p. 101, 
where there are one or two matters which require further 
diMtuwion. 



vi PREFACE 

Chapter viil and paragraph 6 contain some of my own con- 
tributions to the subject. At present there seem to be several 
diiferent directions in which future developments may be made, 
and so it seems unwise to give a hasty judgment concerning the 
physical significance of the results. Ideas which naturally 
present themselves are that the aether can be regarded as built 
up from singular curves of the typo considered in § 43, and that 
^ 41 and 44 may throw some light on the question of the difference 
between positive and negative elementary electric chaises. I 
hope to discuss an hypothesis relating to the first id<ja in a future 
note, but am unable to give any support at prtwuit to the 
second idea. 

I gratefully acknowledge my indebtedness to Sir Joseph 
Larmor who read the manuscript before it was revised and made 
some helpful suggestions, to Prof. Ames who read the greater 
portion of the manuscript, to Prof. Morley and Mr Haa^ who 
helped me with their advice and vigilance in reading the proof- 
sheets, and to the officers and staff of the University Pr^ for 
their careful work and constant consideration shown in matters 
connected with the printing. For the correctness of tihe new 
formulae and examples I alone am r^ponsible ; if any errors are 

discovered I sliall be grateful if my readers will inform me. 

# 

HAERY BATEMAN. 


OctobeTy 1914 
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CHAPTER I 


FUNDAMENTAL IDEAS 


§ 1. The fundamental equations for firee aether. 

In Maxwell’s electromagnetic theory the state of the aether 
in the vicinity of a point (a;, y, z) at time t is specified by means 
of two vectors R and H which satisfy the circuital relations* 



and the solenoidal or sourceless conditions 


di V JS' >■ 0, div H ■» 0. 

If right-handed rectangular axes are used the symbolf rot H 
denotes the vector whose components are of type 

Sy ~ dz ’ 

the tlmso components of H being Hy, roajxsotively. 
The symbol div E denotes the divergence of H, i.e. the 
tiuantity 

^ dH, 

8« ^ 0y ^ 1^8 

The vector M is mlled the $lmtrio diqdmmmt or §kctrw 
ftnm aad E the fwm. The qnMitity o rspresente the 


* Th® «qmtlottii ftft wrltlta in «ymm«kical form in wMoh ttoy 
fttsomlid by 0. MlmtHml JPafir®, ¥oL I, f SO, aad H. 



J$mm mrnmh^ (im), f. Mi. 

t W# mi» hm ^ mlli aad ttotiklion waflojid in lK«finte*s Thi TMmy qf 
f 0b» i| ixo^l that krp im to denolt vtolori a^nd M It 


velocity of propagation of honjogoneous piano wavon and in 
commonly called the velocity of light; wo ahall nwimno it to Ih‘ 
a constant, although in the m<wt recent H{HH:ulation« it in troatot! 

as variable^. ^ . . 

Some of the modem writera on the theory of relativity 

maintain that the introduction of the idea of an nothiw m 
unnecessary and misleading. Their criticisms are din^cted 
chiefly against the popular conception of tho lu'ther as a kind 
of fluid or elastic solid which can be roganled m practiwUly 
stationary while material and electrified particlos move through 
it. This idea has been very helpful as it premuits us with 
a vivid picture of tho processes which may bo supistwd to tako 
place, it also has the advantage that with ifa» aitl wt* can attach 
a mining to the term absolute motion, but herein lies its 
weakness. Larmor, Lorentz and Einstein have shown, in fact, 
that the differential equations of the electron theoi^ mirait of 
a group of transformations which can be interprtifced to mean 
that there is no such thing as absolute motion. 

If this be admitted, the popular idea of the aether must be 
regarded as incorrect, and so if we wish to retain the idea of a 
continuous medium to explain action at a dktanco we muat 
fr ankl y acknowledge that the simplest description we can give 
of the properties of our medium is that embodied in tihe 
difierential equations (1). 

If we abandon the idea of a oontinuons medium in the 
usual sense only two ways of explaining aetim at a dwtamee 
readily suggest themselves. We may eithwr titink of the 
aether as a collection of tubes or filaunents attached to the 
particles of matter as in the form of Faraday’s theory which ha» 
been developed by Sir Jose|di Thomson and N. R. CJatnphoIl ; 
or we may suppose that some particle or entity whic^ hetimged 
to aa active body at time t bebngs to the body acted 0|s»n at a 
later time t + r. From one point of view these two theorwM i«r*t 
the same, for if particles m> oontinusdly emitted from m sctive 

* A. llnitria, An«. 4. Phy$, 8S (IMl), p. W 1 VA »» (Iflil, ifp, i«e 
and 44S. H. Phjif. t-4, S10~«t4, tm^Wl 

Am. (1919), fp. 444 and lose { 

?oi % f 
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body they will form a kind of thread attached to it. The firat 
form of the theory is, however, more general than the socomi. 

At present wo are unable to form a satisfactory picture of 
the processes that give rise to, or are represented by, the vectors 
E and H. Wo believe, however, that some points may be made 
clear by studying the properties of solutions of our differential 
equations. 

It will bo seen from the investigations of Chapter viu 
that the mathematical analysis connected with these equations 
is suitable for the discussion of throe distinct theories of the 
universe, which may bo described briefly as follows: — 


Aether 

Continuous medium. 

Discontinuous medium con- 
sisting of a collection of tubes 
or fiilaments. 

Continuous medium. 


Matter 

Aggregates of discrete par- 
ticles. 

An aggregate of discrete 
particles attached to the tubes. 

An aggregate of discrete 
particles to which tubes are 
attached. 


The last theory may be supposed to include that form of 
the emission theory of light in which small entities are projected 
from the particles of matter under certain circumstances and 
produce waves in the surrounding medium. This theory might 
be Justly ascribed to Newton*. 

For other theories of the aether the reader is referred to 
Prof. B. T. Whittaker’s recent workf A History of the Theories 
of the Aether. 

In the first part of this book the analysis is adapted almost 
entirely to the first theory, the high development of which we owe 
to the pioneer work of Maxwell, PiteGerald, Hertz, Bayleigh, 
Heaviside, J. J. Thomson, Lorentz and Larmor. The other 
theones have not yet received much attention but it m hoped 

* A torm ot tiu ia whioh tbs entlttoa are eleotrio doabkto bae be«a 
dev^;ped W. H. Bra|^ and applied to the X and y myt. JMHih jMeMm 

(mi), p. m 

Y IhiUla Univ. Pieie : Lonsmane. 0ree& and Oo. (19101. 
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[CH. 

that the analysis of Chapter vill will iea<l to further tleveh»p. 
ments so that a comparison can be miwie iHstwi-en the <iiften>nt 
theories. It is quite likely that one theory will bt* enriched by 
the developments of another. 

§ 2. Eleotromt^etio fields. 

For many purposes it is convenient t«» work with a complex 
vector* M^H±iE,vf}iere »-V^ and the ambiguous sigii 
± is independent of the ambiguity which tjccurs in the determi- 
nation of The differential equations (1) may then 1 mi 

replaced by the simpler equations 

rotJf-T-^^, divJlf-0 (2). 

0 at 

When a solution of these equation* ha* boiui fonml a jaiir 
of vectors E ajud if satisfying equation* (1) may be obtairiwl by 
equating coefficients of the ambiguous sign. In working with 
sm ambiguous sign it must be remembered that when twt» 
ambiguous signs are multiplied together the ambiguity is 
removed. The chief advantage in using two indepmdent 
ambiguities ± and m that we can assume thut th** vt*ctors 
M and E aie the real ;^acte of ©xpre«ions of the form amt 
we are at liberty to equate the ooeWoiente of either i or ± in 
any of omr equations. 

IkfMmn. A solution of the differential equations (2) or (I ), 
which provides us with single-valued vi<otor fhnetions E and H 
for each space-time point («, y, *, f) btdonfj^ng to a w'rtaiii 
domain E, is said to define an electromagnetic field in the 
domain D. 

Since the differential equations are lin<»r the sum of any 
number of solutions is also a wlution. The idiysicat meaning 
this is that when two electromagnetic field* are iuperprewai 
they are together equivalent to an eleekomagBetic field. 

Two superposed eleotaomagnetic fields can of imowie be 
related te one another in some way. When el«»koinafn«tic 

* the wol a oompte vMtor Jf-l* !• mwamiiMty Ii. 

4 Tula 98 ana te (1W7) j Pm, Mag, Tol, m (l»te>, Tte. Ite *W* 


waves fall upon an obstacle, a secondary disturbance is produced 
which depends in character upon the nature of both the primary 
waves and the obstacle. 

We shall find that iti some cfises it is possible to find two 
fields in which the vectors {E, H), (E', H') are connected by the 
two relations embexiied in the equation 

(MM') = M„M„' + MyMy’ + M^M; = 0 (3) 

for all values of (m, y, z, t) belonging to some domain. 

When this is the case the fields are said to be conjugate 
within this domain. 

If we use the notation 

we may write 

» (m -{h?)± 2i (EE) - J, i 2i 4, 

where /, and /, are two quantities which we shall call the 
invariants*. It is easy to see that when two conjugate fields 
are superposed the invariant Ii for the total field is the sum of 
the invariants /, for the two component fields. Similarly for 
the invariant 

When the invariants are zero over a given domain the field 
may be called self-conjugate for this region f. 

I 3. The flow of energy. 

An entity whosts volume densityj p is a function of (a?, y, z, t) 
will vary in a manner which can be described as a simple flow 
with component velooitios (u, v, to) if the equation of continuity 

w 

m eatisfifid. This equation implies iu fact that there is no 

* Thty «• iafiyriaate for th« group of llamr trattifarmatioas wkhh loart 
lh« oqualloas uaikltertA ia form. Of. Minkowfkl, 

Mmh** (ItW) ; 1. Ouftnlaghaia, MatL (S), ?oL 8 (1910), 

p* ; B. FolE@aif4, Mmi, P^lmm (1906) f M. Plaudk, dm. d. jP%i» Vol tS 
lumrtimti gl?tB bj IhtM aulboM. 

+ Mtlli it % pur# tlftotromaguttl# wm%. 

$ f fefei ilmlli^tioui to which iii# Idm of dimity ii subjtet aud thi ^u^tlha of 
ocmBuul^ of th# fhaoltoB p diioot^ by J. G. ♦♦Tolumt 

aai Ihtlr vm In pliytlii,” Oamkriige MmhmmtM frmm (liC^). 


creation or annihilation of the entity in the noighbonrhotKl of 
(x, y, z, t). 

Now it is easy to sec that the wjuation of continuity in 
satisfied in virtue of equations (1) if we put 

and two similar equations. We shall regiutl p in this awe as 
the volume density of the energy containwl in the eleetn*- 
magnetic field. The vector S whose eomiporients arc of the 
type o(E^i — EJE[^) can then be suppiMMsl k> iiwiicsato the rat«j 
at which energy flows through the field. Since 

p** (c» - u* - «» - w») - i d* ( A’* - H*Y + c* ( KU)\ 
it appears that energy travels through the field with a velocity 
which is less than the velocity of light The velocity e is 
attained only in the case of a self-coryugate field. 

The vector S was introduced by Prof. Poynting* and is 
usually called Poynting’s vector. Th« idea of desaribing the 
transfer of wiOTgy in this way also oecurrtHl to Prof. Lamb 
before the publication of Poynting's work. 


IVove that the equation of oontiniiity may he satiafied by 

^ ^ JL^ f/ MSM ^ ^ ^ HI if 






m WM 


tAeie is an arWitrary ftmotlon. Obtain a ainiilar adution by rmilaciiia 

#feyiB-aiKia-by-A'. ‘ * 


§ 4, First solution of l^e ftmdaantMakia eqaidyicKU. 

Let us use the symbol Du to denote the Iklembortianf 
of u, viz. 


CIubAu 


1 ^ 3*« , 9'» I 0*M 


* m J>«». A, Vol. m (18i4), f . MS. ike aieo ». A. bofeati, fk* 
fhmif igBtMtnm, p. 22. 

0.^*5^ ** aaw mwsted by Uwate* lee. #<». p. i?. Ump «rtt»a ttee 
pMKw^'s njimbol o to teoto the DaktahtHiMi, tot I tbiak U ie andimM# 
he<wM ik km a warn. Mwnphy'eigmtol Aitaiwineelltewtiielim 
to ®** ***• •piW o% 
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nncl the aynibol grad U to denote the vector whose components 


are 


du du du 

dw ’ 0y * dz 

n^Bpi^ntively. Lt^t ub also use £tA, where A ih a vector with 
components A^,, A|;, A^, to denote the vector whose components 
are flA^, OA^, OA^. The equation [lu^O will be called the 
wave-equatimi and a solution of this equation a wme-fumtim* 
A vector function A will be said to satisfy the wave-equation 
when each of its components is a wave-function, i,e. if fit A « 0. 
We may now satisfy equations (1) and (2) by writing 


M’»±i rot L = + grad A (5), 

where the scalar potmiUal A » and the vector potentml 
B ^ lA satisfy the equations 


flA-O, aLmO, divZ; + i^-0 (6). 

COT 

The last three equations may be solved in a general way by 
writing 


0 ± i rot (? 4- grad K 


A «■ — div (? - 


i8jr 

o'9t 


■in 


where the vector 6? a T T tTI and the scalar K satisfy the wave- 
emc^im 

a»-0 (8). 

The solution of equations (1) which is embodied in (5), 
(6) and (7) is a simple extension of Hertz’s solution* and is 
Huggwit<id by Whittaker’s solution f in terms of two scalar 
potontiala It is clear that the function K drops out when we 
clitferontiato to find M and ao the eleotoio and mimetic forcM 
dep<UKi only on the vector <?. The form of this vector indicates 
that the electromagnetic field can bo regaixied as the snm of 
two iwrtial fields ; one of these is derived fh>m the vector n and 

• d. PhM». Vol. S6 (1888), p. 1, Th« general eotattea I* given htf 
thhpM Mm. (6), t. 9 (1901), p. I ; IlNmm Clmmto (S), t, 3 (1901), p. ». 
He iitdi eniteble expresMone tat the veotora II ^ r in a niunbcar OT oatea 
t JAw. IfM4eA Midh. Sot, Ser. S, Yol. 1 (1908). 
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will be called a field of electric type, th« other i» dorivwl from 
the function F and will be called a fieltl of mttymtic tyf>e. 

This resolution of an eloetrornugjmtic? field into two {>art,ial 
fields is analogous to the one uatd by H. M. Macdonald* in the 
study of the effect of an obstacle on a train of elwtric waven. 
The component fields are then of such a tyjje that in one ease 
the magnetic force nonnal to the obstacle vanishoK over the 
surfiice of the latter, in the other cawe it is the olectrie fonn' 
nonnal to the obstacle that vanishes. The same idea has biHsn 
used recfflitly by Mief and DobyeJ in tho tr*»atment of the ease 
of a spherical obstacle. 

In Hertz’s solution wo have F »■ 0, A' ■» 0 ami II hiw 
components (0, 0, 8). 

The components of E and E are consequently given by tho 
formulae 



Ey 


d>8 
’“dyTz' 
d^a I d>8 


H 

• cdyU 
u 1 

H,mt) 



H^rtz uses Euler’s vmve-fiinotion§ 


(Sf«»-adn/if(r — OSH), + 


and obtains in this way a fehe<wy of his oBeiIlfttor||. Tho etetrie 
and magnetic forces become infinite at ortgtn which is there- 
fore a sin^larity of the eleotromagnetio field. A singularity of 
this type is called a mbradny elm^e doMA wd is regsuded as 
the simplest model of a source of light or eleotromagnotic w«v«»». 

, MUatrk Cfe, ti, 

t t t w (»»»»), p. •?. 

I Feriodto Kthatloni a 41«tsi4»BM Mat »al ftoia w-W w»hw 

Md him asad piwiottsly by H. A, Bowluid sad wmIMI ia tta ^uitUk(iA» At 
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Tlie HoIutioiiH of (Hjuations (1) which are obtained by suiierposing 
ebiimmtary Holntiouw of thin typo are of great importance in 
phyaiciil optics. 

When r is very great tho moat iniiK>rtant terms in the 
expressions (9) are 


K‘‘yZH 

jj > 


//j ■» 0, 


vvliore s ■■ sin < (r — ct). All tho other terms are of order 1 /j'“ or 
l/r®. Thewi expressions give 
(A7/)-0, 

Hence at a veiy great distance from the origin tho field is 
practically a self-conjugate field and so the energy travels with 
a velocity very nearly equal to tho velocity of light. The 
expressions indicate that Poynting’s vector is ultimately along 
the radius from the origin; now the electric and magnetic 


_ CIlMMMi.j 
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vibrations of the light-vector, whether w© take it to be the 
electric or magnetic force, are at right angles to the radius. 
The waves sent out from the source have, then, the character 
of monoohromatic light at a great distarrcc from tho origin*. 
The amplitudes of the vibrations at points on the same radius 
are proportional to the quantities Ijr when r is large, and so if 
the intensity of the light be measured by the square of the 
amplitude the inverse square law is fulfilled. 

Sinct^ tho electric force is ultimately at right angles to the 



Atthtr und Muttir, Ohsp. xiv, wkm it U ihowa that an«(9;f It rsdUtsd bom s 
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as a simple electric doublet of varying inoitierifc m m inciiciifct^fl 
by the way in which the electric and itiiigtielic^ foreoH bectiiiie 
infinite*. The axis of the doublet ie along the iixiii of 

The electric lines of forc<3 due to a vibrating eleelric doublet 
have been drawn by Hertef for various stages «f the tiititiufi* 
The general character of the lines of force is iiidiciilittil in Fig. I. 



Fig* It* 


It will be noticed that the line* arc all at right angU* »*» a 
plane perpendicular to the axis of the doublet. M. Abmh«»ii§ 
has used a Hertzian doublet to obtain a tnodol of tho »‘h>«tro- 
magnetio field produced by the oscillations in a vortical antt>nna. 
the plane just mentioned being supposed to reprtw«nt thn «‘arth 
Which is regarded as a perfect conductor. Xt'iincckH has. 
however, pointed out that when the imperfect orawhictivity of 
the earth is taken into account the cireumHfaiiw** of ’t li*^ 


* See § 43. 

t d. Vol. as (1888), p. 1. !n» ss»e of &npMi vSbnitioti* li 

by 1* Feiwriion mi A. 

1 1 ftM todAW to toe MaemUIm Oompsap m 4 A. dwy, K«|., tor pwroto. 
moa to reprottuoe tU* diapam. 

, al ® P* 828 ; Tfmrk ifrr MhktrMtm, VoJ, S, 

S Ms JSaepfctop. d, JK^eto. Band 6 , 1 16 . 

iwl ttsi ^ P‘ »» I 
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pr<»pagRti(in aro Bcnianvhat diffarant. Thf^ spruading of olticfcro- 
magnotic wavt^s ovor tho oarth*B surfaco has binai invostigatod 
thoroughly by A. Souuaorftdd^ and his pupil H. v. Hoorschks- 
luannf, and thoir roHultn hooiu to indieak* that the impertbct 
eoriduetivity of the* earth is an important factor in directing 
elc^ctric waves and in enabling their effects to be detected at 
great diBtencim, The ionisation <if the air by sunlight is also 
an irn|K)rtant ftmtoi\ as has boim jHiinttHl out by J. J» ThotuHon, 
W. H, hlcctesj ami il. A, Fleming§. Marconi sexptTinuuits have 
indicaksl that thc^ circamistantH's of {)ropagation are not yet 
!ia>ri)Ughly nnderst<HsL No goml reason has boon given to 
explain why com rnnniait ions by im^anH of tdectric waves can be 
inai'le more eaaily wlien the rtHHUvirig station is in a north or 
south diriH^tion than when the dinH.jti<ai is east or west» Thc» 
e.urious contrasts in the results obtairuHl witli waves of different 
fnKjuencies in day and night eornmnniemtions are also iin- 
explained j|. 

The nw of the vect«>r 0 iiiitaad of the sc4iliir N was 
w«>mnianded by AbraJhamf, Von lloerichlamiyin him obtained 
in thii way a rnmlel of Marconi’s bent antenna which gives 
II dln:«ted effect to the riwliation, A number of arrangernente 
of Htrteiiin dtmbleis that can be used to imitate the action 
of fintenniie have been dim’^ribcd by I'leming^^’, Ijirmorffi 
Somttiirfeld and Macdonald 

III the thtairy of FiteOemhl’s miignatic c»3illiitor^ we have 

ri-O, 

M being Euler’s wavci-function. Whittnkcir’ii solution is 
obtainiid by aiding the solutions of Horte and FiteOeimld* 

• dm. 4. 1%f. Vet. iS (1901), p. m 

t /liirl* 4 #4 iM. mm* Vcl. 0 (lilS). 

X Prm. liny. 4, VoL S7, p, 1% 

I dmmhiim M$p&r$s^ (lilt)* it# ftlio O. J. Loip* 

FMl Mmf, ?dL m lltll), p. m* 
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[€H. 

§ 5. Second solution of the fundamental equations. 

It is easy to see that equations (2) will be satisfic'd if wc* 
can find two functions (a, yS) such that 

*~S(yrA)'*c a(i.<) 

„ _3(a, /9)_ 

M . t 3{a, 

c a(i.t) 

An electromagnetic field that is specified in this way is 
necessarily a self-conjugate field, for if we multiply together 
the two expressions for Af* and do the same for Af„, Mg, we find 
that if> = 0. A particular pair of ftmctions a, /9 is obtaimKl by 
putting 

o = a!cos^-fysin^TtA, yS—ccsin^ — ycsos^— of (11), 

where ^ is an arbitrary constant. To genemliso this field we 
multiply the expressions for Af*, M, by an arbitraiy 
function* of a, 0, 6 and integrate with regwi to d ; wo thus 
obtain a very general electromagnetic field in which 

Af»=»Ti f f(ct, 0,O)oQ»0d0^ 

J 0 

Af„- T i /(«, 0, 0)$ia 0d0 i (12). 

•I 0 

~ lo ' 

The components of the electric and magnetic fiwcccs am 
obtained by equating the ambiguous and unambiguoMs imrtw in 
these equations; it is easy to verify that they are ail wave- 
functions. 

It should be reraariced that these definite integml# may 
give a representation of the electromagnetic ^Id, i^uired for 
the solution of a problem, only in a certain limiteil domain of 

^ m of aa srbltwaty ftaelten it muat Iw Qaluntood ^ ttw 

h0 to o«ftaJ*i ttoaltatioM wMA 
'WgritiiMoii mtiSw AO. 
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th«i vartabk'H «, y, z, t ; the integrals may in fact represent 
(iiHoontinwouB functions. 

The limits of integration could have been taken to be any 
other (sonstants insteail of 0 and ; they can also be taken to 
bo functions of m, y, z, t of the type a, where m is defined by an 
iHjuation of the fonn 

« sin fli» — y cos oi — ct*^ 

F being an arbitrary function. 

A suitable |)air of functions a, 0 is also obtained by putting 

0<mr-ot (IS), 

and in this case Poynting’s vector is along the radius from the 
origin. A more general typo of electromagnetic field in which 
this is true is obtainetl by multiplying the above expressions 
for the components of M by an arbitrary function of a and 0. 

Other pairs of fimctionB a, ^ of a very general nature are 
obtained in Chap. vin. It should be remarked that in all cases 
th© ftinotions («, 0) are of such a nature that if F {a, 0)iM an 
arbitrary ftinction of « and 0, F satisfies the partial differential 
equation 



which is of frindamental importance in geometrical optics* and 
may be called Mamiltm'a equation. It is found that this 
equation is aliM satisfied in many oas^ by the functions of 
w, y, M, t which art) the limits of a definite integral representing 
a wave-function, when the function under the integral sign is 
a wave-ftinetion for all values of the jwirameter with regard to 
which we are integrating. Thus the flmction a just defined and 

the function t — ^(r + rs) which will be used later are solutions 

of this equation. 

* Wm mo&m mmmtlm bitwMu this tcimtion mi. th« 

Mi k* iommtifiM mi h ** Granidlftpn 4« pcn«UMb«» 
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[OH 


§ 6. The fandamentaJ equatloBiB for a materisa modlxun. 
For a material medium which is stationaiy it*lativo to the 
axes of coordinates, the equations (1) must Iw repltiewl by the 
more general equations* 





where I) is the electric displacement, E the electric force or 
field strength, H the magnetic force and B the magnetic indite- 

dJD 

tion. The quantity -g” repreaiHite the total current which 

is made up of a conduction-currant ii diapIaceiiKiiit-oiiiTOnt 

dJO 

and a convection-current pv, p being the volume density of 

Ou 

electricity. 

Various notations have been used for the different vectors 
of an electromagnetic field. Most English writers us® («, b, c) 
for the components of the magnetic induction, 7) for thcMo 
of the magnetic force, (/, g, h) for the components of tht» eleotric 
displacement and (P, Q, B) or (Z, F, Z) for th«»o of the 
electromotive intensity or electric forcef. This is not to 
confab with the mechanical force F of elecbromagnetic origin, 
whose components are sometimes denoted by (if, F, Z). 


* Dorenta (1893—1^) and Laraioi! (189S) hava tedved aqaaticHu sad 
a omesponding let of eqaationa for moving bodlos by a proooM of avmgiag , 
starting from the fondamontal eqoations of the ttstory of daotiwM in witioh w« 
have S*sB, DmJB, Of. H. A. Iiorents, Akad. ¥m U 

AmUrdam (1902), p. 805 ; Bmyhl. d. Math, Wiu. Bd. 6, 1 14, 900»S10. 

method of avnaging has bemi developed eo ae to give reeotto in Mmdanoe «i& 
the Theory of Betatlvitgr by M. Born, Hath. ^nn. Bd. 0(t (1910) and B. OtmniAg- 
ham. Pm. lonim Math. 80 c. S«r. 2, Voi. 10 (If 11), p. IW. Tto Bm*. 
MmkowsM equations differ slightly ttm these ot Lcmtat and indlmte the 
mdstenoe of an eleckoataMo field dne to the motitm of a m> foel<e « d tod y. 

It has be«j realtasd by the foregoing writ«» aigi oi^ that ^ prineilds of 
relsitivi^ alone is not snffiitot to detwnsoine a omflete set ot eqnattata ffsr 
incrriBgbodles,atb««yoftlwo<mstttatlonofmalt«fie»e#dsd. Of.B.B.BMWl. 
Phil. Moff, 3m* (1914). 

t Clerk Maxw^ Bieekfot^ «nd MttgmUm, ted oditte TW. f, 

p. s®7. 




JE* JtV £i. XVI. -O. A Uj JCV l Al J XT*, Ali l.J'i.yj w*. 
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In any material medium there are certain constitutive 
relations connecting the vectors D, E, B, H, J. In moving 
media, crystalline media and ferromagnetic bodies the relations 
are rather complicated, but for an isotropic medium in which 
p = 0 the relations can bo represented to a good degree of 
approximation by the simple equations 

D-e/i’, J^aE, B = ixH (16), 

where e, o-, fi are scalar quantities which are generally regarded 
as constants; they will bo regarded in fact as the optical 
constants of the mqdium. The quantity <r is called the ccm- 
duotivity, /a the pm'meahility, and e the dielectric-inductive 
capacity. 

The units that are used hero are the so-called modified 
units*, in which Heaviside’s suggestion of eliminating a factor 
47r has been adopted. We can pass to electrostatic units or 
electromagnetic units by replacing our quantities E, H, etc. by 
aE, 0H, etc., where «, 0 are certain factors which are given in 
the following table : 



«, A J 

E 

B 

s 

m 

lldotmtatio 

sJAw 

1 

/s/in* 

c ^ 

1 

0 xjAft 

\ 

G ^/4f^ 

system 




fjAfr 

fjAw 


We use e here to denote a quantity of electricity, and m a 
quantity of magnetism. 

§ 7. The energy equation for a material medium. 

If we use 2 as before to denote the vector whose oomponente 
are of type o {E^Hi - EgHy), we find that 
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If is a constant and H- i/*//* b« ro^iniod as 
energy per unit volume, the change in thts distribution of 
energy can bo described by moans of a flow <r juul a loss 
unit volume of magnitude due to the tmnsfonnatioi 
electric energy into hoat (Joule’s boat)*. If M dotm not tli>|i 
on the instantaneous value of H so that /* is not a c<»ns( 
there is a loss of energy due to hystorosia li may ilep 
upon H alone but not be a singlo-viihied function of H, « 
sequently in a cycle of changes j(H.dB) is not stero mul ma) 
taken as the heat per unit volume daveloptal during 
description of the cycle. Notice that 

KH.dB) - -/(ll . dH) rouml a cycle, 
and is always positive since the value of B ft»r a given valm 
H is greater when H is increasing. The cxja^rimentftl aniil 
and the accompanying theory are due to E. Warburg f < 
independently in much greater development to J. A. EwirrgJ 
whom the name hysteresis was applied to such phenomena. 

§ 8. Solution of the fondwoumtal equi^one for 
naatadal meditim. 


Let us assume that er, /t, « are constants anti that B, H 
the real peats of expressions of the form where A 

a complex quantity independent of f. Then if we write 


+ t/aan r 


H±wE. 


and regard E, H now as the complex vtjotors of which they w 
formerly the real parts, the differential etjuations to bt» aatiaf 
by if are 


ro\,M^±kM, divifaO ( 18 ) 

These may be solved by putting 


if- rot H ± i grad div n ± Ml 


.....( 10 ) 


where 11 is a solution of the equation A« - O.mtd wav 
oftheform l7±tT. 


* E^r * me B. Qu». Minfukmng <t» M 0 Tkmi* 

Moffmimmt; H. A. Lorwjte, Bwsyjfel. A Matk. Wi$$. M. «, f 14. m. m Uei 
{190S) j mmm, xketrM m 1, pp. 

+ iwi. Ohm. (8), m li (imtf, p. 111. 

t ^ m m ( 1888 ), VP, «t 8 -« 40 { Hep. VeJ. 
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Problems which deal with the effect of small obstacles upon 
light or electric waves re<|niro the taking into account of the 
properties of the material of which the obstacle is composed : it 
is only for long waves and conducting media that the obstacle 
can bo treated as a perfect reflector. This is illustrated by the 
work of Maxwell Qaniott^ and Mief on the optical properties 
of colloidal suspensions of metals and in the work of Sommerfeld 
to which we have already referred. 

Unfortunately, however, the analytical difficulties are very 
great when imperfect conductivity is taken into accountj. The 
simple-looking problem of the reflection of the disturbance 
produced by a moving charge, when the obstacle is an infinite 
plane she-et of motel or other conducting substance, has not yet 
been solved accurately § and there are many similar problems 
that have completely baffled mathtmiaticimis. 

Much more progress has been made with problems dealing 
with perfect reflectors. These problems are to some extent 
ideal but some of the chamcteristics of actual physical problems 
arc often preserved ||. Apart from this, such problems are of 
oonsidemble mathematical interest, imd have been studied by 
soma writers simply on this account. 

1 9, Boimdary-Oonditions. 

The conditions to bti satisfied at a surface separating two 
different media are obtained by integrating equations (15) across 
a thin layer of transition li. Taking the axis of m along the 

^ mt Tmm. A, ?oL 203 (1004), p. 383 ; VoL 203 (1903), p. 237. 

t Am. d, VoL 23 (1908), p. 377. 

t kn importe»nfe iolution of te® oquationi hai b©®n glv©n by M. Brillomin, 
** Prop^Mon Amm lei mllloui oonduotsum,^’ €tmpU» Rmukm^ t. 186 (1903), 
pp. 667, 746. (S«« li. 20, Oh. m,) Wot othtr rsftreaoog ioo Ex. 3, p. 28. 

I All approxlmali iolulion wm iuggoited by Maxwell and has be« developed 
by lAitiior, Prm. LmhAm MtUh, Bw. 2, YoL 8, p. 1. Aa aoearate solution 
for thi oi«® In whloh th® shoot is trtated m ininitely thin and th® oharg® movti 
wiffi uniform filooity ps»lkil to the plane has bt§n given by 0, Fieoiati, Mom. 
Am. idm. (3), lls (1902), p. 221. 




vibmtloas in oondcinslng systimi,*’ JPrm. 'Lm^mMath. Hm. Eir. 1, 
Yol p. 119. 
f 

a. 1 


iiornial to the surface* we shall assunu' lii.if h\ //, /i. li 
their derivatives wit.h n*gard tt» j\ //, t ar** !iiat«‘ wifliin 
layer and that tlu* coiuiuctivity tr is alst> Hruft*. lltr 


dEy BE, 1 ?I{r B/L d//, 1 




dy c dt ’ By 


rdd I 


fi 


then 


a B II P / ^ ■ 

show that . ''and./f i- / arr fiailr and an ll 

f.b er 

integrals with regard to across a ihin !a.ynr td’ flue’kiioMs 

less than aO wlnu’t* a is a finiU* pusiiivt* ity ind«‘[N !itl»*iit < 

This means that t.In* tangential eom|H»uon{s i.f fho (drefric fn 

magnetic forca* and electric (‘urnait art* t'nulinuMUN ni ci'osn 

th(*. surfaces. 

Again, tlui (‘((nation 


dll 


dB.BE BH, .. 

^ ■ d" .. t . o 

d:V By Bz 


shows that is finiti* and so flic normal etouponent <ff 


magnetic imhmtion is ctmtinuous. This residi may, Imwo- 
be regarded as a conH(‘<|n(‘nc(* t)f tin* |>rovions om*. 

The normal compoiumt of tin* electric tiisplaccmcid mav 
discontinuous, for the t*((uation div p giws 


d s=: — pe/5 

Jo Jf» 


{t.‘ianH t»f nrtler d, 


where is thcdiscontiutiity in the electric displacmuent. I 
if a is the surface-chargi* of (*h*td rieity pt'r unit area \vc lia^ o fi. 
When the m(‘xlia atv both conducting wt* liave 0 Cl and 
normal compommt of tin* (*le(*t.ric displacemrui is etaif iruuocs, 
It is known that in tin* case t»t a goud CMndiii'inii/ b» 
rapidly alt(raating enrr(*nts are (*ontined wiffdn a verv t 
layer close to the surfata*^. In the itlral case nf a pi-rl 
conductor or peidect reflcH'tor the fifd<hvectitra are /.ent wn 

p. 78B; H, M. Macdonald, Klee, trie IVaem, p. Mi II. A. Leietilin /nf.rl 
/. Math, u, i%K. Bd. 22 (1H77). 

Of.H, Lamb,P/aZ, Trann, A (IHHH) ; O. licaviiiidr, Klerlrmtl 
p. 168 pJ, J. ThomBon, linrnt Hv»mrehn, p. *iH|, For ri.rr^tit wttrl 
the subject see a paper by H. F. Northnip ntal J, U, i*mmm Jnurm t,f' 
Framin JmtUute, Feb. (19M), p. I2r>. The of rii,iiiy r.nlsin 

mi the skm-efleot and aitcmatlng currunt mdsiiwiw lavtai in .1, A. tltaiir 
Th$ principles of FAectrk W(im Tvlvijraphp, 


th(^ lm\y of (Ji(‘ conductor. Tliis c;is(^. is chaructcrisod by <j = oo 
and th(^ t>juig(‘n{aa.l coniponiuits of the magnetic forces uro no 
longca* e.ontinuous a,s a point inov('s acroas the sin*fa,c(‘, we have 
in fact if h is th(,‘ disconl-inuily in tlu; inagmdac force 

/;,/ — 1 * •' (h = •— I <TK.Y,dz 4- ti'rms of order $. 

H(‘nc<' if K is th(‘ surfacocurnmt and h th(‘ discontinuity 
of t.h(‘ ina.gn(‘tic foi*C(\ we havet 



At th(^ surfac(‘ of a p<‘riect conductor tlie tangcuitial com- 
ponents of th(‘ (de(;tric forc(^ must vanish and a,s «a conse.<|uencc 
of this we e,au say that th(‘ normal compommt of tlK‘- magmatic 
induction must also vanish. If th(‘, nu'dium outside the con- 
ductor is fre(‘ a,i‘t.h(‘r tln^ snrface-comliiaons a.re simplified on 
accomd. of th(‘ ndations 1) -- E, 

In thc^ casi^ of a V(uy thin conductiiig sluud. it is convimient 
to t.r(‘a.t t.h(‘ thi(‘.kn<‘ss of tli<^ slns't as nt^gligibh^ and n^.gard the 
tangiUitial components of tht‘ magmd.ic forces as <liscoutinuous 
wlum a point movt's aJong tlu‘ normal from om‘ side <^l‘ the 
sh(‘(‘t to tlu‘ othca*. 

Th(‘. boundary-*(^ondition is tlam^ 






wlnuH* cr ”*= 1 <rdz is th(‘ conductivity of tlu^ sheet. 

J 0 

If we wisli to t‘xUmd th(‘ idea of (inams tapiivalimt layta* to 
<‘h‘(*,trodynamics w(‘ must» considtu* (d('ctrot!iagm*tic fiel^ls in fna^ 
aether with surfa,C(‘H at whi(di th(' tangentia.1 compoiuaits of the 
(di'ctrie and nmgnetic forcu^s are disetmtinuous ; tins requires an 
<'le<*,trie. curnmt sluM't. a,nd a magnetic curnmt shiud. on the 


* (U’. a’. h<^vi Civita, livnd. lAntri (f)), 1 1.» (1902), p. 75. adirHe ron<liii{>n« 
jirr ujumI by Circ/ialii "m hia Kohitiiou ef the problem of an (^buniric «bsirf.to moving 
parailol to a coiuhictiog In nonm pna'iotm papto’H, Urnd. lAncH (5), 11 1 

(UH)*i), pp. 105, 191, 22H, hoviUJivibl had nnod tlu^ cdfadroniagnotio potoniialrt to 
d<d.{irmino ilm (dlbct of a ooialm'.titug almt^t on an alh'rnating currmU# flowing 
along a HivaigUi wirt'i pavaJlcl to tho Hluud; tln^ boundary «{‘.omliiioiun ar<'. thrn 
doionninod by ttlu' diHoontinuitioM of tlio poUniiialH <luo to Ui(' iuduevd ournuU. 


surface^. For a compbii^ grm^rnliHatiuti wt’ *»nglii i** chum 
the cases when the narmal etmijHiiiHiil-H art* hIhu diMroni inti 
and when the mirfact* in in iitotian. Tin* Ih-hI eiretiniMtu 
alters matters to some t‘xtent and mtinl imw !«• iJiHriisMri 

In the case of eli*ctrie waves in free iu^thw, tli«^ vre 
,E and 1£ may he disceritinuouH at a wiive'/liHiiitdiiiT. it' ■ 
can be regarded as the limit tT a ilun layer «4’ intimithai wit 
which equations (I) are Haiistieci and the vreitirn h\ H 
finitef j the values of thi‘.se veeUirs mt the twu sides nf 
boundary must mitisfy certain conditieiiH wldeh may Iw* fui 
as follows. 

Let the equation of the nmving iMuimlary hv expressed 
the form 

t. «/(a\ //» ^)».... .riii; 

If now we apply Gretuih thf^uaun to the iniegrid 

j jUM„ T ± d>,dz 

+ (M,:ficM,f^±icM,f^duLr 

+ T tcif, ± io dsd>, (21) 

which is supposed ki bo tiikt'n ovor u chmoil Hurtiioo, wo (I 
that it vanishes on account of the oijuhUouh (2) proviiioii / 
supposed to be expressed in k'nns of .r, >/, s mH’iniliiiijf ti> so 
definite law which wo shall takt* to bo that oxpn>HMo«l by (20; 

We now apply this theorem to a dis(>sha{M*il siirfiuH' whi 
two faces very nearly coincide. W'<' shall snpjsmo t hat on < 
side of the disc the vector M repo'sents tlw field of the iwlvanoi 
waves and that on the otht^r sidts it repnmonts the field 
ing just before the arrival of the wavea We shall idso siijijs 

* Of. J. Lamor, Proc. iMnihn Mnth. Hite. (a>, Vol. 1 (IWH). p. 
H. M. Macdonald, PlkctHe Wavei, p. 16 ; Pttif. Math, Hite. I'Jlj, Vnl. 

(1911), p. 91. 

t The idea la praotioally due to Stokea, Math, ami Phn», I'aiar*. Vtd. 
p. 276, but waa not worked out in detail, TUo dilffrent jiMwilit.* „t , 

continuity are diBouaaed with aomo oare by Ijovo. Tl«< ettee in wliUsli H uiui 
are oontinuoua but gome of their derivatlvea are diHrawHniitnia at Uie nun 
boundary may be dieouased more simply by siiaiyaia Hiiab>KoiiH l» that sivei 
Hadamard’s Lt^om mr la Propagatimt k** Omlett, I'arla ( tlMdt), t!h. 3. Hoe « 
Ex. 2, p. 28, and the references to Euhem and BilUtrahtia on the ne*l itage. 



BOUNDARY-CONDITIONS 


Zi 

that. t.h(‘ derivatives of M are finite or behave in such a way 
that an application of Green's theorem is justifiable. Now* 
let. M b(‘ the discontinuity of M, i.e. the differenct’t in the valiiCB 
of M at two neighbouring points on opposite sides of thc^ wave- 
boundary. Then when the two faces of the disc coincide we 
find that a certain surface-itd.egral over one face of the disc is 
z(u*o. Hie surface-intc^gral is of the same typcj as (21) except 
ttuit M is written in place of M, Since the face of the disc can 
be chosen arbit.rarily the integrand must vanish and so wo 
obtain three ecpiations of the type^ 

T ic ± to J, = 0 (22). 

These etpiations give 



Htmce tlui wave-front advances with the velocity of light 
and the differtuuje b(^tween the two electromagnetic fields at 
thi*. wave-boundary behaves ?is a self-conjugate field in which 
Poynting's vector is along the normal to the moving 
boundary. 

If the cHjuation of thes wavti-boundary bo expressed in the 
form 

we find on calcuhiting the values of 

dt dt dt 
dx' 9y' dz' 



This is the difierential iMjuation of the charactcunstics, it 
expri^Hses that the moving boundary moves nonnally to itself 
with tlu^ velocity of light. According to the theory of Stokcjsf 

* KfluatioriB 4M|uivalenfc to tlioHo obtainot! in a dlfforont manwir bj 
0, IIoaviHido, FdtrXriml Papemf VoL 2, p. 405 ; A. B. 11. Lovo, Pruc. Limthm 
Math, Stm, Ho,r. *i, VoL I p. 37 ; h. HUbowtoin, Ann, 4. Php$ik^ VoL *iS 

(190S), p. 751 ; IK Dubcirn, (JmnpteH MendiiH, t. 131 (1900), p. 1171. 

t Prm. iJtimh, PhiL Hoc. {1H90) ; ManctwBter Menudr^ {1H97 ) ; Biath, md 
Php8» Paper Vol. 4. 


and Wiechcrt^, Rlintgeii riiyn atnMiHt tif jiiiim'H t riiv«‘! liiig i hn 
the aether, the energy in a pulm* eunlinrt! within h 

Bhell. The above ihiHiry inilieaf.eH flnif. the and 

BurfaceB of the nhell niove hirwnn! with the veh^nty ef li 

A slight mmlifieaiioii of the preet^iiing iiii’tiiiHl mn In* i 
to find the conditions to be Hafisfietl iit ii nmviiig mitikev w\ 
is the knmdary iKvtwtHin twti iliflert^iit ineiliii. If we w 
L^B ± iD^ W & ill and iihhuiih '* tfint tli** Kiirfiiee-rlinrge 
surface-current can be iwgleet4*<b the m% btiindiiry-eondit 
can be expressed by saying that tin* ihroo qniintiiiiis of iyjN< 

A'. + 

must be continuous fwthe iKuindary is erosstsl. Th«^ e^piiu 
of the moving boutukry is expn'msl im lieftirr in th«^ form {] 
When the moving boundary is th<» siirfiier of a jn^rfbel eoittlm 
or perfect reflector, the bouiMiary-coiiclilliiiis aro sitnply tlmi 
three quantities of typi 

should vanish f. 

In the last two cases tht? bcmmliiry-cictiiditiuns du not im 
that the bomdary moves normally to itst'lf with th«* volwity 
light ; in &ct, the motion of tht^ Isiimdiiry tsan Is* quiti' itrhitnt 


EXAMhLKa 

1. The surface of dkcontimiity Is tJwi Mplwro rmet and the olwst 
magnetic fidd within this surface is exjtrt'awdl by tli» w|tMti»fis 


(K h' 

\"ai ■“!(> \ 


P*ii\ 

” s»»/ 






n—ilr" p 


* Aih. d. Phifi.-Skon. Get. tu KSnigubm-g, 1 Pr. (IMS*), p. I : As«, Pk, 
Chm. Bd. 69 (1896), p. 2^. See also J. J, Thomson, PhU. Mm, («). Vot, 
(1898), p. 172. ^ ' 


which would act on a ohaoige moving wift (h» normal vdoeily of the suHIm 
must be dong the nonnal to the su«teee, Cf. IleavisMe, Mlmlrlmt P*i» 
oJ' ^^‘^“i****® TImrtt, Vol. 1, p. m; Mkefrte IPam 


J 


EXAMPLES 


Tho coimtant/B p and q boing knowti detaruiiiio the cormtaiiis A and c 
in order that tlui tUdd outnide the Hurfaco r^at may he tho oloctroHtatic 

9 

field Ibr whieh tlio potential in —g- 

(CJambr. Math. 'Ih-ipoH, I^art II, 11)04.) 

± If tlie vectors M and // are known for all points (a*, y, 2 , t) of a 
moving mirfaco 

y, t) . - 0 

tho values of all the derivatives of E and //, and oonsecpiently valiios <)f E 
and II at points not on the moving surface can generally ho found pro- 
vided i^biooH not satisfy the dittbrontial ecjuation 



’ ( Havelock, Proa, London Math, Soc, Bor. 2, VoL % p. 297.) 

3. An elc(5tromagn<ddc^ field is conjugate to an electrostatic field. 
Prove that the flow of energy in the electromagnetic field takes place along 
the lines of electric fon'.e in the eU’sctrostatic field. 



4. Let the line 0€ of length c bo drawn in the direction of Poynting’s 
v(vctor at each Hpa<je-timo point 0 of a selbc()nj\igato electromaguetie 
field and let OF roprewemt a velocity v associated with the point 0. 
Prove that if this electromagnetic field is conjugate to another field 
( A", II) in which all is the vector product of v and A’, the direction of E is 
parallel to V(1 


5. Prove that when <r, f, g are constants, the vectors A", II of § 6 
satisfy the differential ecpiations 


(PE 

'Id " 


(Tfx 9 A 
(P dt 


: grwi P, 


Air- 


dt^ 


<rp 

c» dt 


(Maxwell) 


Solutions of those equations for tho case in which /;«() have boon given by 

0. Heaviside, PkiL i/a//., %Ian. (1889), p. 30 ; Elactrmd Papan^ VoL 2, 
p. 478. 

IL Poinoarb, Comptm Rmidun (1893), p. 1030 ; Thiorie analptiqua da 
la propagation de la ahalmir, Gh. B. 

J. Poussinosq, Comptm Rmidm (1894), pp. 102—223 ; TMone 
amdi/tiqm de la ahalmr^ t. 2 (1903), 538. 

Kr. Birkoland, AreMmm dm $cmwm phymqtim,^ (Ionova (1895), p. 5 . 

0. Todono, Rmid, Limm^ Mar. 31 st (1913), Jan. IBtli (1914). 

M. L Pupin, TraMi, Amor, Math, Boa. Yol, 1 (HKX)), p. 259. 



satisfies the equation 






7* If ti satisfies the |mrtiiil diffimuitial e«|iiiifjt*u 



I'f'ifY'* 1 A‘i 

ub; /‘V-i 

and we make the transformation 



• i’j ^ 


/ 

1*4 1 ' 


where /is an arbitrary functitw^ then u ulmi thn |iiirt4al 

equation 

\&J +l,rV + W • 

8. Plane eleotromagnatio m'avtm fall cm tlm snrffi«»a nf iiii tiifintfci''i 

paraboloid of revolution whrmc^ surfi«.’a is a Kqiniittir. If 

the incident waves are given by eucpn^^mioiw of tlie ly|m 

2r.+«,./(., m , ‘/K #,;<'» , 

where a»y4-«, the kiundary-cxiiiilitloiis at llm iitirfii<^.i of the 

paraboloid may be satisfied by stibtmotitig fnuw llte |irtiiitirj field ii 
secondary field repiwented by eiprtwbrw nf n ^intllitr ly|4' litit wifcli 

^mrn - f 4.r*l. 


M *- 1# 

*4* r 


If waves represented by the above eipniwions with m $mx 

fall on the concave surface of the imrakiloid ilw kiundiirj.i-ftiiflittniw m 
the surface of the |mr?a>oloid niay \m miimihd by stt|i|w»iiig that tlio 
secondary disturlmnce m of the form - 4 ’ wiitirw tlw liidiin 

M\ M'\ M'" are represented liy expresaiom of the dmm iyp*, wliem o, B 
have the values 

a' »sy 4 If, 0 m iei x - ef* 


a wa 


♦^4r 
y - is 
^’4 r ’ 




respectively. With these suppositions this form nro fiiiito »t tlio fiious, 
when / 18 independent of n. 


CIlAPTKIi 11 


(JENEllAL SURVEY OF THE DIFFERENT METHODS OF 
SOIiVINO THE WAVE-ICQUATION 

§ 10. The object to be attained. 

It hiiB been Hhovva in Ohaptor I that the solution of 
Maxweirs <*(juatiofiH can bi* made to depend upon the solution 
of a singh^ partial ditferential o(iuation which is either the 
wave-et juation llu 0 or th<'. equation Ai/, + = 0 which 

is natistied by wav(^»-funetions of the form 
The pruperticH of functions satisfying these equations must 
accordingly be studied at some length. It is desimble, 
also, that all types of such functions should bo studied 
ami not iru‘rc‘ly tliosi' which admit readily of application to 
physical prohhuns. If ciTtain solutions of the fundamtuital 
i‘(|uati(UiH must be rej<H:t(Hi in the tn^atment of the hotmdary 
{)n»blemH of mathematical physics, a knowledge of their 
beliaviour is at» any rate useful as it giv<‘S a clear indication of 
the reiison why such solutions must be rejiK:te(l There is, 
however, ani»ther r(‘ason why th<^ scopi) of the in(|uiry should 
not be restricitHb llie thtK)ry of wave»functionB fonns a 
natuml extension of tluj this)ry of functions of a complex 
variable* and may constHjuently lead to rc'-sults of great value 
for tlm general tlieory of lunetions, 

Thl« |)oint of vitiw h luloptinl, far instenac, by Volterrii, Hmd, Lined (4), 
mg. nil, IlliO, ‘J74»4H7 (1HH7); iv,, nn- 107-lHI, I9ei- *J0*i (1SS9); Vi, r|i. IIIH-HI5, 
6804540 (IHSW); Hmd, Pale rttm, ?(iL 8, pp. 260- 272. Hm 
aUii arOi- MfttJi, t. 4, p, HH5 (1884) ; Paiekivii, Timknme Ann,, t. *iii 

(IHSH) ; Ikklittr, HulL Anwr, Math, Sne, VoL 9, p. 466 (19015), Thii fehciary of 
fuiKilioiw of two otauploi viwiabUm in oltmoly ooiimMifcocl with tlio tlioary of wiwa* 
fuittitioiw. Cf, f L Cointmrfh deUi Math, Vol 2 (IHH8) ; Vol. 22 (1H9H) ; IL P. 
liftkor, ikimh, PML Tram^ Voh IB (1899), p. 481 ; IVoi*. ijmtdtm MtUh, Hac, 
B&, % ?<iL I (1908), p. 14. 



We shall lUwdeHcrilM^ briefly mmw nf the {iriiirijia! 

of solving the waveHH|tiat i(^it. 

§ 11. Eeduction to ordinary differential aciiiiitions. 
The aim of this methiMi deuaiiiiti** l■’b‘Inrlitll.ry HuttiibaiH 

of the form 

u «/j (a)/i i0)f.i ijifi .............. .ri*u 

where are {mrtieular fimciitnw «if thtar iirgnmeiitH ami 

a, /9,7,S are particular fiinetiotm of f. TIiim mothoil wnn 

used by D. Berntmlli in 17H in the ir«*atin«mt *4' tin* vlhratiimH 
of a hanging chain»the pirtiul ei|uiiti<iii b«4iig how- 

ever in this case differiuit. 

The general theory of elementary solutionH in due !.«* Liuiie“* 
who transformed I.4iphm(^% e<juati(m into eurvi!inriiretH>rfliiialeH. 
For a historical jmcount of the devf4o|iiiii*iit of tile Itiemy we 
may refer to Prof. Bckdiera brnik Dis 
der PotenUaltimorie, Leipzig (I8fl4) mnl t-o llyerlya Fourier 
Series and Sphmical Manmmm. 

A simple elementiiry solution of tin* wiive-tajiiiiiion in 
obtained by putting S*®!; wi* imii then 

take 

where the constants 4 w., fi, p satisfy thi? n*lati«n 

p^mo^(l^ 4* + #) ,......,..,...,,.*(1*7) 

and can be either real or complex quantities. 

When p is a purely imaginary c|iiiiiitity imti I, fii» n unre- 
stricted, the solution is periodic and more geiipwil |Mirit'Miie 
solutions may be derived from this one by stiiiwimisoin I, m, 
being regarded as variable ptmmetom iiibjocfc t 4 i the mhtimi 
(26). When I, m, n are purely imaginary the sohtticin (24) i» 
appropriate for the rapresentetion of plunci waves of itionti* 
chromatic light, the intensity and pht»ii of which me the i«mo 
at all points of any plane parptmdiculiir to the iliKictbii of 
propagation. 

* LiomiWi i 2, pp. I47«lSi; wr bM mw^mnim 

Pans (1809). Bm slso 1. Mathlta, 0mm 4# pkf^m 

[lo78) . 




F.LKMKNTAKY SOLUTIONS 




Ijikiiig m = n = 0, i = x/ ho that the axis of x is in thc^ 
(lirc'ction of propagation, vve may write 

E.JC, ~ Ez - Hx — II If == 0, Ey = a cos v {x — ct), 

Hz — a, cos v(ir. — ct) (2(>) 

wh(‘rc a Ls a consta-nt. ’'riioHc^ wav(‘H will be said to bo limuirly 
polariHcnl in a din'ction parallel to thi* axis of y and will be 
calliMl hotnogemeouH because A^and ll do not dc^pend on t/ and z. 
It will be notic*.ed that the constant c repreBents the velocity of 
propagati(m of a phast^ of tht^ disturbance. 

A wave-function of tlu^ typt^ 

il — sin j/x cos pct 


is appropriate for tln^ r(^pn‘H(mtation of standing waves. Kx- 
pn'HsiotiH for E atid // may b(^ written down by analogy with 
the abovi^ To obtain a n‘.premmtation of plane waves in a 
conducting tnedium, we must use a solution of 


d^u 

(hf 


4 - « 0 , 


where has tlu^ complex valm* given in | B. Putting V - 0, 
U « (0, 0, m) find that 

Ex « Ey » Hx 3 ® Hz » 0 , Ey sa* ^ 

c 

Hz-^ikeikx^iu^t ..,(27) 

where the real parts of tin' quantitic^s art^ retained. If 

where t| is |K>sitive, the oHcillations of tht^ viictor E are damped 
<wing to the expotnadaal factor e 

Thi^ ehmnmtary electromagm^tic fields that hav<‘ jnst biH^n 
found nm fundamenbd in tht^ theory of tlu^ reflection and 
refraction of light at a |)lane surface. This thtn^ry is givcm in 
thc3 text4KS)ks <m Physical Optics^ and nc^c'd not bt^ reprochiced 
here. Various atkunpts have betm madi^f to proven that any 


* Bit for iriilancjti, W«CMi*» Physical (>ptk$ (1911), Ch, IS ; Jenrw, Mki> 
trieUy mnd (1911), Ch, IS. 

t Bm for initaaoi a ioriw of p,p#ri by (1, Johniloui Blonoy, Phil, Mag, 
(0), VoL 4a (1897), pp. 189, 978,868; VoL 44, pp. 08,906; BHL dmn, RtparU 
(1909), p. 089 ; PfdL Mag, F®b, 1908. Th© idm ii probably d«© to Slokei. 


electromagnetic dleturbance in tho ran hv m 

the sum of a finite or infmitt^ nuinbi'r of i*!oinrntary diHturbaneoH 
of the character of plaiu‘“Wavi*H travelling in various ilinTtiona 
Such a reprcHontation in gimemlly only suitable within a 
restricted domain (vf the variablen s,i,; iievertlirhw, it. may 
sometimes be einployc3d with udvantiige. 

When waves of all direc.titniH and fri^fiiencieHare ecaiHidi^red^ 
the method of summation k‘ads to WhittakerH tbnunlii* 

rrr r$rr 

H = I f[s sin a cos ^ + y sin a sin ^ + r vm a - rl, a, 0 j 
JoJo 

X sin ,...,,...( 28 ) 


for a wave-function. Thta case wlnai 


f < ^ < IT 

0 f > ^ 

has been used by Debyef in a discjussion of ilio bidiiiviour of 
waves of light in the vicinity* of a fociia In oitliT thiit an 
integral of the type (28) may repn^sont n wavo-fiiiiot.it.»ii it k 
not necessary for the limits of ink‘gmtiiort ki bo thimi* 

The limits for a may, for inskmce, bn 0 and $ whcTo 0 in a 
root of an equation of type 

w sin ^ cos ^ + y sin 0 sin 0 -^ £ cos fl - cl F{0% 


In order to obta-in other typos of oloniimiary siiliitions it is 
necessary to temsforrn our difforential oquatituis to a nyHtmu of 
orthogonal coordinates (u, v, w) for which tint liriimr idomfUit is 
given by 


rf'i# dtf dtif 
Ift +- -b 


dm). 


If H 

v> Hw arts tho thn?o coinjKjivnuta of a voctor // in 
directions normal to the surfacoR u * »« citiwt., w » oorutt. 

through a point (x/i/, e), tho corrosponding comjHHHuitM of r»>t, // 
are of the typej 


VW 


a (HA d fHA 
dv V Wj ~ dm V f'/. 


.( 30 ), 


* Math. Ann. (190S). See ako G. N. Wataon, Mtu. t>f Math, Vel, 88 
(1906), p. 98. 

t Ann. A. Phyt. Vol. 80 (1909), p. 788. 

t See (or inatanoe, H. M. Macdonald, hUectrin Wam», Oh. 8; M. Atoahiuii, 
Math. Atm. Bd. 62, p. 81. Some very general tauifommUon-fommlM «i» 


tht‘ new i‘Xpri‘Ksion for div II Ih 

II vw 

and the wavt'-iMjuatien btromes^ 

!" :i . / 

uvw 


a / 

//„ \ d / II 

, d 

f II w \ 

dll \ 

,r w)'^dv\wu) 

■ div * 

[uv]\ 


...( 81 ), 


(1 , 1! dM 

h '' ( 

V 

dij>\ 

h 1 

[K dcl>\ 

jiu \ V »’ dll) 


JV(/ 

dll) ' 

dw ' 

iUydw)_ 


1 

' dn * 


.(:i2X 


li in also Heniet.imes advan{.ag(*euH t.e transform the wavo- 
etinatimi t.o a sysitan of coonlinates for which 

(Lv'^ f dtf^ + dz'^ ~ (fdl^ - + IPdrf^ 4" (Pd^'^ — I)'^(lr\ 


tile vvavi* (‘quafaon t.lu*n heeomt‘s 

d d ^(U)A(hp\ n /l>ABd(f>\ 

8f V A d^J ^ihjK n dn ) oK \ (> 

8 t \ /> drj 




§ 12. The genemlisation of wave-fanctions, 

\Vh<ai a Hohition of the wavi‘«i*(jnation has bt‘eu obtained 
i»thtn* HolntioiiH may Ih* dtaaved from it in various ways. For 
instanct*, tlie funeiion obtained by iliflerentiating tlie given 
wave-fnnction any numbi'r nf times with n*gard t(» the coordinates 
ii% y, i, is also a wiive«funetiom liy adding togetlua’ arbitniry 
conHiiuit nmltiples of all tht^ wave^unetioim obtained in this 
way wt‘ may obtain a vmy general type* of wave-function. 

Another methotl of gemu'alisatitm is to make an arbitrary 
change of rt'ctinigular axt^s. The waveo.Mjuation is a coviiriant 
for such a transformation and ho is a wavtofuiadaon of tlie new 
coooltnab'H. A number of arbitrary (HaiHtantH can bt^ introduct‘d 
into the »4uti«m in this way. We can also make a linear 
transformaiitai of coordinati*H for which the expresHton 

'■!’ t/ff + df'^ (fdP 

fionteint^ii in tlw |m|ww of V, Vnlierm, Ht^mL iJnm, Her. 4» Vnl. H, pp. 

6IWI (IHHIII, iMiii *h niiritior. i'ttmhr, VhiL Tram* Vt9, 14 (iHHfi), p. 121, 

* Jtmra* dr VHrtdr lUtlyitThmifitr^ 2*1 p, 21IS; Legam 

Mur lr» etnmkmit^m r-nrrllli/iir^, I. II. A MitnpUflol prnnf wiwi fnililkhtHl Lorti 
Kiilviii, iJmiiltr* Mtilh, Jmirn* VoL 4 (IH4H). 


30 METHODS OF SOLVING THE [uiL 

remains mialtored in form and tin* proct»«liiig rminirliM Htill Imld 
good. 

To illustrate, this let us first of all acltl togrther two partitnilar 

cases of Euler’s wave^fuuctiou J {r ± eiX viz. 

1 j I 

r{r — et) r{r-Feif)* 

we 'then see that (r'^-cV)”^ is a wave^unrtion. Cleiiemlmiitg 
this by writing - ^/‘o, y //o, ^ - ^0, t - U in place tif //* t, 
we obtain the. wave-function 

{x - x^f + (y - y^f + (4? - Uf ^ ^ 


When we have obtained a vvave-funetioii involving ime or 
more arbitrary parameters we- may obkiin others from it by 
differentiating with reganl to the pinwneierM. or by iiitegmting 
with regard to them after having multiplieii thi» i*icjiri»i«ion by 
an arbitrary function of the {mrameUuu For instiiiiet^ from 
^the above wave-function we may derive the more general wave- 
function 


/ 


f{r)dT 

{00 - moY + {y~ JTg)’ +• (a - *„)’ 


■nm-Tf 


■m). 


where the integnition in betwwm raiimUiit limitH. It, is net, 
however, really nocosiSMiry for tht' UmitH to Ih* <!ottHt»nit. w«< inuy 

for instance take them to k* -oo ami *(?• + '■»). wh«»rr 

^*0® = ®o“ + 3/0’ + V- The resulting integral is tht>t» a wave-limetioii 
provided/(T) behaves in a suitable tnantier. If wi* take /{r) » I . 
we obtain a wave-function 





li — r-r# 
R + r + re 


m,, 


where = (a? - w^y + (3/ -• yo)’ + (* - ig)* 

This function is independent of t and w> nmat k* a mdutioii of 

Laplace’s equation Am®= 0. It is cUswdy comnseted with tht* 

function used ati n... % nT .*«.*-**« if . a «i 


n] 


THE METHOD OF TRANSFORMATION 


31 


§ 13. Transformations. 

In addition to tlui liruuir transfonnationB that have already 
Ix'tni intnitioiKHl thenHi arc cevrtain other transfonnations which 
(vnal)l(* iiH to pass from otu* wava^-ftinction to another^. 

Tfu‘ fii'st transformation, which is analogous to inversion, is 
defimHl by the (‘(piations 


m 


wlic‘r(‘. 


.'/-««> <- 5 ..* 

=. ■/•3 _ cH\ 


■m 


tph<‘u 


It iw easy to vorify that if f{x, y, z, t) ia a wavo-functioii, 


l- ‘) ; P«) 


is also a wavii-functionf. 

d’'he second transformation isj: 


00 


y 


it'* IS ■ - , 1/ an , ^ sa ^ ^ J =s - 

4? — S’-Ct' 2(^ — 6‘^) 2o{z--Gt) 


.(39). 


1 


J 


...(40) 


It is easy to verify that if /(//;, t) is a wave-function* 
them 

w y I 4- 1 

2 (ir — ct) ^ 2 c (5 -• cii')J * 
is also a wave-function. Sinct^ ts a wave-function we 

may dedue<^ in this way that 

I ^..j! 

$ 0 - 
z *- 

is a wave-function. 

It shouhl be noticc^d that if we put — d, a* = ^ 4 *cl^, 

a funcdiion of the type 

% » F {po, 1 /, t) 6*“^. (41 ) 


^ Ft>r a gmm%l aoeourit of the«« trunsfonnafeionH mm a paper by tlia author, 
iVof. !,muUm AMh. Alim. Hw, 2, Yol. 7 (190S). 

t Thin of ^jeniriiis li a nimplo giUttraUaatiori of Kalvln’i tluiorem for rjaplfuxVii 
equrttiou. Thii gimemllniitlon to tho oorra«poriding fV|uatlon In n variitoloM in 
uwiiitlouiMi by Bt\ah«r, BulLof Uh* Amr, Math, Yob 9 (190B), p. 4A9. 

i Pm\ iMiiltm Math* S<uu Hor, 2, YoL 7 (1909), This trimaforruation I» 
tfC|ui¥aliira to a rariformal tnwiHformafcioii of a wpiujo of four cliiiumiioria whloh 
was di»©oviir«i4 by Grisiiuoiia. Of. Darljoux* $ur k» n'yuknm tyHhoymmuJs 
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:jz METHODH OF SULVI^u I tii*. w i | cil. 

is 8» wiivc-fuHCtioti if till* iul «i|iu'if imi 

7^^.F tF 

. ...... i 4 ' 2 1 

fir" riF 

The wave-funciii)!! wi* hnvt* just oblniiifti iiitiiriit*'s t.liai 

{ 4*3 ^ $t* 

tf' ir I- F I 4H I 

T 


is a solution of tin.' abovi* o(|uain»n. lliis fiiipliiiiinttui 

in the theory of the eoruluetinii of hi*ai. It in ovitti*i$t tluu imy 
solution of the (‘tjuaiion t»f the e«unliie!-ioii of fioid. in two 
dimenHions can be tmed to couHtruet a wiive fiiuiiioii. 

Our second traimfunnation thetjrein for the wa\oo‘<|iiiif iiUi 
also tells us that if F{it, //, r) is a Moluiioit of tip* o*|iiaiioii i42| 
the function 


T 



// 
T ’ 



t 44 ) 


is also a Bolution. This roBtdt in <iiie to J. Hritl* iin«l A|ijw4l"**. 

The corresponding thtMiretiis for the iwonlirneiiHioiiid ivnvo'. 
equation 

d^v a«K 1 

fiy* * 

are first that if f{w , ;//, t) is a witvt^dunct ion and 

the function 


i-' '.) 


is also a wave-function. This is wjuivitlcnt. kt Pini KtlviitM 
theorem for Piplaco’s equation if wo Hiinply rcjiliwH- iti liy 

The second theorem is that if y(ir, y, t) in a iviivi'-funetioii, 
then 


'^y — ct 


f 


® «* - 1 H* 4 1 

[y-cp 2(//-c0’ ic{y (;t\ 


( 47 ) 


is also a wave-function. Writing Ar^y-d, o y k vf m 
before we find that u <= e~''F(w, r) is a wave-funetion if 


BF 

OKI. 

* Mmmmer a/Mathmatiet ( 1 S 91 ). 

+ LimviUe't Journal, Sat. 4. t. M 
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The Ht‘cori(l t.heoreiti can now be tiHcd t.o whow that 

F=:T~^e~*^ (49) 

'h a Hohition of thin equation and that if r) in one soluticui 
^he function 

(50) 


IB alHo a Bolution. Thiw thtB)rtun in llkewiBC due to Brill and 
A.p|K*lh it can t‘vidently be g<‘neraliBed to the eqtiation in 
u variablcB. 


HXAMPLKS. 

1. Prove tliat it in poHniblo for a train of piano alootric waven 
to travel along an inllnito iBolatinl nlab of dioloctrio material without 
being tlinHipatiHl by npremling out into the adjiwont (Miipty Hpace. Bh<»w 
that if Sa in the tliieknew and A" the inductivity of the alab* the velocity 
of proimgation of nuch wav<m of length X along the alal), when polariacKi wo 
that their magnetic vector in iKirallel to it, in 

when) B in the lowewt real or the pure imaginary root of t.he equation 
, ‘ifru ^ (K'^^K .AJ 

(l^irmor, (Jam hr. Math, Tripow, Part !!, IIKHI.) 


2. Prove that with the notation of § Ul, the function 

1 

{X — + (y - ^ {5 ** -p x:t\i + yyt, + 

in a wave”functii»n, taiing arlntrary (anwtiujtfi, 

3. y, s, in a wolution (»f the wave»m|uaticnt, the functhui 




dr 


iH, under wui table amditionw, a wolufcion of the ot|uation 

A r V q* - . 

The quimtity hiw tl:ie mtmiiing awwignmi to it in § IS and i» wup|M>iiiMl In 
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4. Tbo function 

^ ^ /4l » V 

ao 


satisfies the equation 




^ ti ’ 

of the conduction of heat in two diineimifiim; it in /.uru i,vor a fautiidnft: 
line which covers part of tlio a^tis of ami inovoa in ilm pitiifivo dirf^ol 
with uniform veltKsifcy Tim iHotiiermal linos at uny givi^n iuHtant 
confocal immbohm. 


6. Provo that, under Miihihle limitations, the ftinriioit 






■■ • .r’-^ f 


is a solution of 


p$V . 


ae» «y 


Obtain in this way the imrticukr solution 




6. Ihrove that if the int«!gral 


r« ^ ^ ^ 

/ 0 +y* 4* 4«® - 4«l 

satisfies ^ + y3<»+'"t\- 

and if the integral 

f* « "•'d.t 

Jo 




satisfies 


asp ar 


7 . Prove that if p*-**+y* po*-ro»+yrt* the iiit^U 

F-f” 

Jc+H s/e - (* -*„)* - (y -f,)* 

satisfies the equation 


0*F a»F 
pj+'^+^F-O 


CHAPTEH III 


POLAR 000 RDl NATES 


§ 14 The elementary solutions. 

If wc inal«‘ LaphuuiH t.raiiHfoniiatioii 

m ™ r nin 0 cos cf), y * r hId 0 Kin z^r C08 6 . . .(51), 
thi^ (Kjuation Aa + rs () bocoinea 


d^n 2 du> 


1 




Hin 0 


iV 3 -^Jlt + A;“w = 0...(52). 


Thin is by a funetioti of the fonu 

M-/e(r)B(^) #((/>) 

7f^i 

<m\ 


if 


+ m*4>-0 (53), 


1 d 
Hui ff dS 
d^It 


«in 


e 


de) 


». (>*+!)■ 






0 = 0...(54), 


2 dli 

4» . 4» 

(ir® r dr 


~-«(n+l) 


ii » 0 


.(55). 


Tho fiivfc cHuuitioH ia Hat.i.sfi(Hl by 4> »= cos (m<j> + a), the 
Mocond by P„”‘(coh 6>) and Qb’" (cos 0), whore these are the 
asHociutod Logendro functions. The third equation may be 
writtcsn in Besstsl’s form 


(i’tv , 1 rfw , fA;® 
dr^ r dr »•* 


(n + i)* 


wi=»0 


(66). 


whisre w » r^Ji, and is satisfied by (^) >wid {kr). 

In thosts solutions m and n am have any constant values. 
It should b<s noticed that when n + 1 is an integer the Bessel 
functions that have just boon written down are not independent 
and tho second solution j {kt') of Bessel’s equation must be 
used. 
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FOLAE CCKHiDINATEH 


In dealing with a probk^in ntieh m the tdlV‘et nf an ohniach* 
on a train of electric waven, the Hecuridiiry wavi%H nvui out from 
the obstacle must havt^ tin* chanict.er of titvorgiiig wavi^n at n 
great distfance from tlu^ olmtach*. In t!:ie cmv n t?, o fin* diflhreii- 
tial equation for R m satisfied by 

f , . » 

and if the mil pirt ef k hiw the wiiae Hign uh m when the 
electric and magnetic ft>rceH art* the real jxirtH <if expreaHimw 
of the form ile”''"*, we can ohtjiin a Holntion appropriate for tlie 
representetion of a diverging wave hy taking the {nmitive .sign, 
for then wo have a function (tf tin- form 

I ^Ukr -’Ut} 
r 

Neither of the given uohitionH of HeHael'N etpiation ha-s t in* 
required form in fact 

Ji (M - -■ i (kr) » /y/ i-m kr. 

We may, however, obtain aolutions «tf tin* form (57) by tjiking a 
suitable combination of the pntceding aolutitma. 

In the case of electromagnetic fiehla in the free aether the 
physical interpretation of the elemenbiry wave-finudionH when 
n is zero is as follows* : 

i cos & (r - c<) Progressive divergen t waves. 

i cos A (r + ct) Progressive convergent waves. 

i cos At . cos kot Standing forced waves, source at origin. 

p sin At. cos A;ot Standing free wavea 

To obtain the solution of (56) appropriato for <iivergenl 
waves when n has any value we write f 

* A luller diaoussion is given by A. BoiamerteM, d^r dtmtMeh 

math. Vmin, Bd. 21 (1918). 

t The theory is dne to Stokes, PhU. Trmt. Vol, IW (186H), p, 447 . 
CoUected Papm, Yol. 4, p. 821. See also Ikylelgh’a flmntl, Vt»l. a, a. mi. 

It should be menaoned that different notaUons wre aaetl by different writow 
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Er.EMKNTAUY SOLUTIONS 


sr 


0 ^}=^ \/T '^'‘+ 1 

Vn (■«) " (®) — ^Xn (.!>■) 


\ 



L.(58). 


/ 


Th(‘Ht‘ new functions f,, nro C()mu5Ct,('(l with Haiikol’a 
cylindrical functionn* by t,ho relations 


Vn (•■«) ^ 


: ^ if ” 4 (a,-), ?« (^) - /y/ 


Wh<‘ii th(', r(‘al part of iV is larger and ponitivc we have tlu^ 
anymptotic (‘xpariHion 




i n(n + l ) 

■^2® ff" 


I («-l)n,(n + l)(n + 2) 


(2^r)“ 


2 ! 


+ ... 


...(59). 


'rho H(!ri('s terminatoH when n is an integer and then gives 
a true repri'sentatiou of the function. To got («) wo change 
tin* sign of i. Various other notations have been used for the 
solution oi' IkssserH t'<iuatiun that is suitable for the representa- 
tion of divt^rging wav(«. Liimb uses D,(«), (ras n ■+• !•) to denote 
the solution of etjuation (66) which has the asymptotic value 


IK 



while many other English writers use K^{ix) to denote the 
solution with the asymptotic form 



The following formulae will be found useful : 


■^n(kr) 


(Ar)"+‘ 

0"r(2»T i) 


2(2a+"l) 


2.4. (2n -b ;i) (2» Hh 6) 


(60), 
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FOT.AU COOUniMATKS 


[tni. 






2kr 


1 


1 (ft- l)n («.+ !)(« + 2) Clu): 

~2! *' •(2At)«,«! 




{2krf' 

We have written down the luHt Umu in the neries on tlu 
supposition that n is an inti'f^er. In this ease 

(At) - 4 p“+' + '• ••.(d2h 

(2ft + 1) (a;) = X [-f (J-) + fn,i (.<■)] (<!4), 


,(a:)=f' 

Jo 


g-arwiiih _ (In 






2^r (1)1X7+!) 


[ COS (a? 
Jo 


cos «) sin®"* . (h. It (j») > - | 

(«6), 


r V.+iWar+iW'v 

j ~00 ' 


0 (ni‘p) 

_1 

2«+ I 


(n-p) 


«>{),p>0 (07). 


In the last formula n and p are supjKmisl t(» l)e integers. 
For farther properties of Bessel functions the rtwh'r should 
consult Gray and Mathews’ Treatim on Hmml Functions, 
Nielsen’s Handlnch der Cylimlerfunktionen, and Whitt^iker's 
Analysis. Tables are given in the first work and in .lahnke 
and Emde’s FmMionentafeln, Ix'ipzig (Tt'ubnerl. A fi'W ad- 
ditions to the tables have been madt* rt'cently by d. W. Nicholson, 
ProG. London Math. 8oc. Ser. 2, Vol. 11, p. 104 ; Dinnik, Archiu 
der MathemaUk wid Phi/sik (ti), Btl 20, 1012 ; J. E. Airey, 

Phil. Mag. Vol. 22 (1911), p. 83, Mrit. Ass. /fc/wWa (1011); 
A. Lodge, Brit. Ass. Reports (1909) ; J. G. Isherwisid, Munchmtcr 
Memoirs (1904). 

The best definitions of the genemliscd I^t'geiMin' functions 
for unrestricted values of m and n are those given by Hobson *. 

* Pfcil. Tram. A, Vol. 187 (1896), pp. 448—581. B. W. ta wecntly 
given new definitions o! the (unctions m integrals involving Oamma Punotlons 
wHoh make it possible (or the prinoipal (ormulae to be proved very quiokly. 

Hi® dejlnitioil of diffOM from tlmt of HolMon bv ntim«ri«akl IfcAtoritliiftli 
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Vo arc hero i» the when tho variable is cos0 

,n<l 0 is a ri'al angle, such that 0 <0<-rr. Wo may then put, 
vith tht! usual notation of tho (lamina and hypergeometric 
unctions, 


? V“ (cos 0)= p cot’" 2 F n, B + 1 ; l~ m; 

(68), 


Qn" (C0« 0) “ 


2 sin (a -f m) w T (1 — m) 

I ^ vf .. . . 


X |eoH {n + vi)Tr cot*'* I f(^~ n, a + 1 ; 1 - m ; sin'* 


‘ 2 n, a 4- 1, ] — m, cos*'^ 




r 

2"‘r(J)r(»t + i).^> (2 coh<^-2cos 

R (m + ^)>0 (70). 

When m is a positive integer, wo have . 


Am 

iV'*(«o-(i-«')^;'„i'„(®) 




and when «. is a iKisitive integer 


„ . 1 . 3 ... (2»— 1) r « (n — 1) 

i«(aj)= 


2(2n~l) 


»(n-l)(«-2)(a-3) 

2.4(2n-l)(2w-3) 


••■] 


/*„ (cos 6) =« cem^B — ^ ^ coh”~“ 6I . sin’^ 


n(B~ l)(n--2) («-3) ^ 


. sin"^ (73), 


1 (-l)»rf»/l' 


^ A / n\ (“Tl)" / I , r + jsrs 

!^j.i Q» (®*^**^ ^) ®® ■ ’xr t r/Jn f ) (^®)* 
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POLAR COORDINATES 


[CH. 


The last two formulae illustnite the method of dt>nving 
more complicated wave-functions from simple ones by <litleren- 
tiation. The functions 


1 ,1, r+z 

and log 
r tr ‘ r — c 

are in fact solutions of (52) when k — 0. 


The formula 




0 (ti ^ I/) 

2 ( n + w ) ! 

2h 4 1 *(« ■- w ) ! 


■(70), 


in which m, n, v are positive integoi's or zoro, oimhit's ilm 
coefficients in an expansion of a function in HorioH t»f functions 
Pn^(co) to be detonnincd by a simple intc^gratitui. 

For farther properties of the Legcuidn^ ftmcttons wt^ must 
refer to Heine's KugelfunkUonen, Byerly s Fourier Serim and 
Spherical Harmonics, Whittaker’s A n<ilgHi% Nielstui’s Handbmh 
der Oylinderfunktionen and Thione den fonctiom meimphiriques, 
and to memoirs by E. W. Hobson^ and E, W. fiarnesf. 

Tables of the Legendre functions have Wen puldished by 
J. W* L. Glaisherj, J. PeiTy§ and A. Lodgt»|j ; mmiv tal)les of 
the functions have been given by H. Tallquisili. 

For the history of the functions of Wgendre and Bessid 
the reader should consult the article by A. Wangt^rin in the 
Encyklopddie der Mathematischm Wusetmhiithfh Bd. ii. 1* 
Heft 6 (1904), p. 695. 

§ 16. Relations between various solutions. 

We have already remarked that when a wiive-ftiiictioti or 
a solution of equation (62) involving arbitniry constants hm 
been found, other solutions may be darivtMl from it by the 
method of summation or integp^ation. By choosing our sum or 
integral so that it represents ceitain simple solutions of thi^ 

* Proc. Londm Math, Sac, Bm, 1, Vol. M (1891), f. 4Sl, mi ap, eiL 

+ Qmrurly Vol. 89 (1908), p, 9T. 

t Brit, Ab$, R^m (X879). 

§ BMl, Mag,, Deo. (1891). See alio Bjtrly, M. dl. 

11 Phil Tram, A, Vol. 20B (1904), 


KEIATIONH BETWEEN VARIOUH SOLUTIONS 
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futidaiuontal (‘quation, a nuiabcr of iniportant identitioH may 
l)(‘ obtaiiuHl A few formulae', will bt' written down to illustrate 
this*. 

If == 4* 7\^ — 2r7', cos 


sin (kit) _ TT 

It ^/{7Tl) nM) 


1 


- ikU . 




£ C2«, + l)/„4 J (/‘'''•)-/'„ + 4eT.)P»(COH^) 

(Hc'ine and Hobson) (77), 

(2/1 + 1 ) -xlr,, (kr) (Ati) Pn (cob 6) (n > r) 
(Hxdne and Macdonald) (78), 


r-4./„,j(A-r)P,.(«'H d)- 


/: 




••••(79). 

W(i may illustrate tlu^ jK'Culiar beiiaviour of certain definite 

intt'gral solutionB of our fundamental ecjuation by the following 

example, in which k m supposed to be real and positive. 

rm 

Let /»(«)« I ooBwtx(t)dt, 

Jo 

rm ^ 

where y(i5) is a function such that / |Y(^)|dl^ is convergent, 

Jo 

then it may be proved by means of Fourier’s double integral 
theorem thatf 


I 

TT 

Hetice 


/: 


sin k (r — r^) 




/,„(r,)<ir,=/«(r) (*>m) 
/ 


1 

TTJ ™.oe 


“/* (’") (* < fn). 

HxnkR . , 


is a solution of (52) which reduces to (dther (r) or (r) 
when ^ » 0. Solutions of (52) which are derived from the 
(dementary solutions by integrating with regard to n have 
Ixam employijd by IL W. Marchi'. He makers tiae of an inversion- 
formula| 

* Homo v«rj g«n©ml fomulai wa givon by h. 0©genbauar, MmaUh. f* Ma.th, 
IM. 10 (IBW), p. 189. 

t Thin ©qofttiem ig obtainod in a dlfonmt manner by Q-. H. Haardy, Proc. 
LomUm Math. Hoe. (2), Vol. 7 (1909), p. 445. 

X Ann, d. PhpHkf Bd. 87 (1912). Bm also H. Polnoard, Comptei JRmdm^ 
t. 154 (1912), p. 795 ; W. v. Eybeynski, Ann, li. Phy», Bd. 41 (1918). 

I T'hii is in some nispoeli analogous to tba invorsion-fomula glvon by 
F. G. Mibkr. Math, Ann, Bd. 18 (IBSl), ». 101, 
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POLAK COOUDINATKS 


/(ff) = f Fa-^(coaff)->lr(a)ada | 

J n 


.. (HOX 


^(a) == j ^ I (cob y)/(y) nin ydy j 


where 


^a-j(C0S7) = 


TT ^ 2 p Bin OfyS . (10 
,7. V {2 (ceH y •- coa ^ 


It is sometimes instructive to find how a wavirdtinciion, 
depending on an arbitrary function, can be e>c{>reH8i‘d in terms 
of elementary wave-functions. Now in thci st^cond exampki 
of § 5 the electric and magnetic forces art' all of the' fortn 


- / r - ct, — ' 
z-fr 


or are the sums of tenns of this fonm ConstKjuently, a function 
of this type may be expected to be a wavt^-fuitciioii and it is 
easy to verify that this is the case*. Wc may now deduces that 

\ Et i iQ*l\ 




r \z+rJ 

0 

is a solution of (52) and conseciuently it follows tlmt 

$ * 

and cot**^ 2 solutions of equation (54) when n « 0. Wt^ 

have in fact 

Qo”' (cos $) = |r (m) (wa mir . cot"* ^ — tail"* . 

In the last formula m must not be zero or a negative iuU'gor. 

§ 16. The convergence of series of elementary solntlons. 

When A«0 our fundamental equation (52) redueiis to 
Laplace's equation Au «* 0 and we have thci familiar elementaiy 
solutions 


* The theorem also follows immediatelj from a ^ull giwa hy A. B. 

Forsyth, Mmmger of Mathmatia (1898), p, 114, and B. W. Ho^on, M, dL 
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mi] converoknce of seiuks 


J.np^m (eoH 0) C(IH 711. (4> — r" Qn’" (<j> ~ 4>o) ) 

^ ^'> Jhi ft ^) «<>» - ^«)J 

(84). 

A pair of H(‘rii*H of t.ho iypi^. 

Ofh /rt\ 

which c(aivt‘rg(i whcai r^(t art^ Huitabk^ for rc^prcHontiiig harmonic 
functions inKi<h^ and ontsich' the sphere r^a because*, the first 
conv(*rg(‘H absoluk'ly wluui r< a and tlu^ second when r >a. 

The* cjist* in vvdiieli ki^^O is v(uy similar. When n is large 
the functaori yfr^ (/rr) may be* replaced by 

1 . a . ; . (2a 4» I) 
and HO a Beri(*H of the* form 


m 

V 


(ir)/,, (0, 


conmrgm Wkv a |K>wer serit^a Again, when kr is real, wo have 


1.3...(2«-1) 1 

2.4...(27t) ^ 


•(85), 


n being a {Hmitive infci^g<u\ It is ck^ar from this equation that 
i (kr) I <k^creaHi*s as r inorease^B, hence if a series of the form 


^n(kr)M6. <!>) 

n-M> 

corivi^rgi*s absolutely for any valuer of r it conv(3rges absolutely 
for all griiater values of r. 

.For a diHcuHsion of tlu^ convergence of series of spherical 
harnionicH we may nd’er to C. Neumann^s book Ueher die naoh 
KrmM-i Kugel-^ mnd (hfUnder- FnnMimsnfortichreitendm Bntmoke- 
Imffen, Lciipi5ig(18Hl); to Heine’s KugdfunMionm^, Bd. 1, p, 485, 
Bd. 2, p. 861, and to papers by U. Dini, Ann. di Mat (2), t. 6 
flA*74iV W" t lift m 497 ! 


Gronwall, Math, Ami, Vol 74 Vol. 75 (1914), (hmptes 

JRendus (ldl4i), Amer, Tram. Jan. {11H4), Vol 15; iX Jonlan, 
Gouts d' Analyse, 2nd ed.^ Vol, 2, p. 252 ; and B. 11. Camp, linlL 
of the jd'^ner. Math, Soc. Vol. 18 (1IH2), p. 285. The c<»n- 
vergence of series of Lc'gtaidre |K)lynomiaLs Iuih Inaai iliHcuHatal 
very thoroughly by il Darboux, Lwumlles Jonnud (2), t. 19 
(1874), p. 1; (3), t. 4, p. 393; O. Bhmuuithal DirnTtation, 
Gottingen (1898); E. W. Holxson, Proa, Londm Math, Soc, (2), 
Vol. 7 (1909); L. F^jer, Math, Ann, Bd. 57, p. 75; IK Jaeknoiu 
Amer. Tram. Vol 13 (1912). 

§ 17. The scattering of plane homoganeoiis electro- 
magnetic waves by a spherical obstacle. 

The effect of small pirticles in Heatt<uing incidtuit radiation 
has been discussed very thoroughly by Ijt)rd Eayltdgh* * * § who has 
used it as the basis of a mathematical tluKay of the blm^ colour 
of the sky. The action of a single sphericid fMirtiele is of 
fundamental importance and so the electromagiiidie thetuy 
of the scattering of light by a dielectric sphere has work<*d 
out by Lord Rayleigh f, Prof. Ix>veJ and (>tlK'r writeiu This 
theory can also be developed so m to cover the? mathtanaiical 
theory of the rainbow. 

The more general theory of the scattering of incidimt radia- 
tion by a spherical obstacle! with arbitrary optica! pro|Hirtii^s!i 
admits of some very interesting applications in this study t>f thi^ 
colours exhibited by metal ghiases, metallic films and colloidal 
solutions or suspensions of metals. The electromagnetic theory 
of these colours has been developed by J, Maxwell (larncttf, 
G. Mie*^, R, Qansff and Happelff, who have ciiiisi<lemi 

* PhU. Mag, Vol. 41 (1871), pp. 107, 274, 447; Yol. U (ISSl). p. HI; 
Collected Pap&n, Vol. 1, pp. 87, 104, UlS. 

t Phil. Mag. Vol. 44 (1897), pp. 28—52; (Jolleetmi Fiip«rM, Yol, 4, p. B2i; 
Proc. Roy, Soc, Vol. 84 (1910), p. 25 ; Vol. 90 (1914), p. 219, 

t Proc. London Math. 8oc. Vol. SO (1899), p. BOS. 

§ The work of Stokes, Camb. Tram. Vol 9 (1S49|, p, I, with kter appti» 
cations, Collected Papen, Vol. 4, ami of L. hovmn, WUd. dma Vol 2 (IBl^), 
p. 70, opened up the subject. 

II The case of small conductivity was digouwid by 0. W. Walker, Qmrt, 
Joum, Vol. 80 (1899), p. 204; VoL 31 (1900), p. 80. 

IF Phil Tram. A, VoL 208 (1904), p. 885; VoL f05 (1905), p. 2i7« 

Ann. d. Phy». Vol. 25 (1908), p. 877. 

TIUS AA /I AAA\ 


fSrilKHlUAlj UJiSTACl^E 


U 




le cmcB of Hph(T(\s and cdlipaoidB (endowed with the optical 
matants e, /x, <t. 

1110 particular cane of ii perfectly conducting sphere was 
H)rked o\it by J. J. ''rhotnaon^ and has been discussed in 
reater d<‘tail by J. W. Nicholson-f-. 

The problem is also of importance in connection with the 
h(M)ry of comets* ** t^iils which has btuvn developed by Euler, 
'‘itzCJtu'aldl: and Arrhenius§. The pressure of light on a 
•erfectly conducting spherical obstacle has accordingly been 
alculated by K. Schwar%schild|| and J. W. Nicholson H. The 
oore geruu'al cas(‘ of a splu^ri' with the optical constants e, /x, <r 
las been tr(‘ati‘d very fully l)y P. Debye^^. 

L(‘t tiB assume that, the <‘.k^ctric and magnetic forces H' 
i,t any point of space ani tht^ real parts of vectors H of the 
drm wlwxv A is a complex (juantity independent of t 

tlum write 


II ± wE » where ( 86 ) 

/xw 

md wo firui that thc^ difiermitial ecjuations satisfied by M in a 
nediurn whosi?. optical! constants are e, /x, <r can be written in 
:,hc‘. form 


± kMr 
±kM,' 
i kM^ " 


I 

r* sin 0 

1 

r sin $ 


1 

r 

jMm 






dMr_ d 
dMr 


{rnine.M^) 

()^ <)r ^ \ 


whi‘re^ k » or If - 
c 


J 

€/XCO^^ — ifMCrW 

' c^" ^ ■ 


.(B7). 


* Recmt Umfatehe$, |k 4H7, 

t Pmc. Lmidtm Mutfu Hoc, (2), VoL 0 (1910)» p. 67; VoL 11 (1912), p. 277. 

.t: Sdmt\tle Writlnifn, pp. lOB, 5BL 

I Phy$, ZHUdm VoL 2 (1901), pp. Bl«-«97 ; Dm Werden dtr Weltm, Leipzig 
(1907), p, m. 

II ZitMung^hir, d, KifL Bayer, Akad, d, VoL SI (1901), p. 29B. 

If BrUuh degmiaiitm (1910), p. 544; Mmthly N(>iic.e$ of the Ihyal 

AMtnm.im'kal HadMyt VoL 70, p. 544. Hmi also *L Froadman, Ibid, VoL 78 (1918), 
p. BM. 

** d, Phydk, VoL 80 (1909). p. 57. 



Thcao equations may be tMitisfiecl by putting 

UHrii) J.- 3(rn) 

r drdO r kiii 0 d<p 

.. 1 d>(rn)^kd{rm 

*’°rHm0 drd<p r d0 

where the function li* t/ ± iF is a solution of (i')2). 

The electric and magnetic htrces may Iw^ tiiu-ived at once 
from these oxpreasions by tspiating tlu' ambigiums and un- 
ambiguous parts as explained in § 2. 

We shall now irssume that the incident wave of plane 
homogeneous monochromatic {sdaristsl light is repn'wuiksl by 

(Mr, M„ M^) = (sin B, cos B, ± i) (89), 

the electric vector being pirallel to the axis oiy. 

The corresponding function fHo is obtained by solving the 
equation 

0^ (^fio) + « sin B . ««»•«<>»« * . 

We easily find that 

rfl, = l<r^ [cosoc B . «“»■«*« -p y, (B, <p) + /» (B, 

(90). 

Choosing the unknown functions so that rllt, is finite for ^ » 0 
and 0 = TT we obtain finally 

rflo = 2 cosoc 6 . ««»■«>•* — cot = e**' — tim ^ 

m « 

(» 1 ). 

We may now assume an expansion for rS\ of the form 

2 On'^nikr) (cm B). 

nml 

To determine the ooeflScients a» we multiply by sin B and 
differentiate both sides of the equation. Then sinr^ 

J 

^ [sin 6 . P„i (cos d)] = - n (n + 1) sin B , P„ (cos B) (92), 




i(‘ cocrticiimtH may \m at once with the aid of 

ord Rayleigh H c^xpanHion 


ikr mi 0 . (2a 4 * 1) {^7") Pn (cob 0) m\ 0 

n 0 

(93). 

Wo thuH obtain 

HI, « ^ ^ ^ ^ /V (COB 0) ( 94 ). 

Now let ill, ilj hv the functionH from which the electric 
.nd magtud.ic haxu'H in t.la* m!att.t'riKl light and trariBinittcd 
ight may be derived reB|)(‘ctiv(dy. Hie appropriate formn ai'C 
fivivn by (MpiationB of t;h(^ ty|H^ 

♦if) K 

rUi~ An^n (^“'■) a»‘ (ci»a 6) cos ^ 

(95), 

rF, » {kr) P„> (cos 6) sin 

»«i / 


m 

2 On^^n {hr) iV (cob 0) cob ^ 

n ' -i I 

rFg® 2 iV(coB^)Bin0 j 

n I / 


( 96 ), 


whoro h, V} aro the valucH of k, v respoctivoly within the sphere. 

It is ofwy to <hMiuo<i from (K8) that the tangential components 
of the electric and magnetic forces are continuous in crossing 
the sph(^re r ■» a, if when r »■ « 


V 7/ 

k(V, + r{)-hV, 


,( 91 ). 


* Tfmty 0/ Hmmi^ ToL % p, 273, Tha ©xpansion wm algo obtained 
indepiidently by Heinet MugilfmMimm (1878), Bd* 1, p. 82. 


^ i 


These conditions give 

J (ka) - Cnt,. (/«') = ^ ) 'kn (ka ) 

kA„^n (ka) - hOnirn {h(t) = ~ t'‘+‘ ^ ^ i|r„' (far ) 

(fat) - ADntn (/»i) - J. i"+' j ( *<» > 


Solving these we grst 

2n + l if,. 


...( 98 ). 


A„ = 'i’*+‘A-“ 


n(n+l)(i„’ 


Cn *• . V I 


2«+l 

At «(n.+ l)<r„’ 


B. 


where 


= t»+» fa-“ ‘ , i>„ » i«+. 2» + 1 i\ 

n (n + 1 ) fn hk n (« + I ) 


iTn “ (*«) i^n (kci) — tr^n (ka) (/ter) 

B„ - (fat) >;r„' (ka) - 7?-f „' (fat) l|r„ (/wt) 

.^n “ ?n (te)’^»(fat)— f»(fal)'^„'(fat) ■ .,.(99). 

G'n =» (Act) (r,. (fal) - (fat) T/r„ (Aft) 

Bn =■ (/ta) fn (ka) - (Aft) (Aft) 

We can prove that our rnsrieH all convf^rge ab-sfiliiUdy and 
uniformly at about the same rate as a {xtwtir Mt-rieH of the form 

..j fC” 

^ i.;C.(2/t+i)’ 

. . Aa* 

where x is either kr or — . The proof d<>{)endH on the fact 
that when n is largo wo have approximattdy 

I / \ . (H + Dfr" 

?«(i»)~l .3 ...(2»-- 1) * 
fn («) = -^ 1 . 3 . . . (2» - 1 ) e-'» 


§ 18. Free damped vibrations for the space outside the 
►here. 

It nhuuld b(‘. n()tic(Ml that Honu^. of tho tonus of our series 
iCouH^ iiifuute wluui oitluvr (/n==0 or = fortunately, 
)wever, the roots of thi^se tuiuations turn out to be complex 
id so when k m rt'al no valutas of k need be excluded from the 
scuHsion. (laiuptMl vibrations determincid by the roots of 

A) ecjuatioiiH may be distinguished as the electnc 

brat/miH^ thosi^ deUa’inined by e<iuations of type On^O as the 
(upietio vibratiothH. Honu^ of tlu^ roots of the equations have 
HUi caleulattHl for the* cast^ of a totally rciflecting sphere by 
Ir J. d. Thouison^, who IhuIb that the roots are all complex, 
hi^ vibrations for the Hpac('. inside a totally ndlocting sphere 
we biM>n discuHsed by Prof. d. W, Nicholsonf, those for the 
)acc^ betwtum two conetuitric sphen^s by Sir J. J. ThomsonJ', 
ir doseph laanuor§, Prof. H, M. Macdonald H and A. Lampall. 

P. Debyes who luts calctdated sonu^ of the roots for a case of 
dieksctric sphere, finds thid the roots are complex and of two 
q)es. When thc^ indt^x of refraction is large, the imaginary 
irt of a root of t*ht^ first type varies very little with the index 
* ndnmtion N and approtmhes a limit different from 2 :ero when 
"-> 00 . If on the other hand p m a root of the second type, 
p tends to a finite real limit, viz. a root of (iVp) =» 0, when 

> 00 and so the iniaginary part of a root of this typo must 
3 very small when A is large. 

The vibrations belongirig to the space outside a sphere 
mst be in all oiuam damptxl on jwxjount of tho loss of energy by 
uliation ; when the refractive indices of the outside medium 
:id spheni art^ very nc^arly c^qual, they are clearly very strongly 
•imped ; thus it is only when the refractive index is laxge that 
>ine of them are durable. It is doubtful whether a substance 
icists which has a large rc^fractive index and does not absorb 
ght to a marked extent, 

^ /Vcw, idwukiu Mtiih* *Vc>e. B©i‘» 1, VoL Id (1884), p. 197 ; lUcent Be$MTcfw$f 

mi. 

t PhiL Bltig. .1906, p. 708. 

$ Jimmi Mmmrehm^ p. 878. 

I ProG* idmim Mtith. Hm* I, VoL 96 (1894), p. 119. 

jj Mkc&ric WamMt OLaptew 6-7. H' Wim. B&r, 119 (1908), p. 87. 
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It will be soon later that tlu! chnnicteriKtic. vibrations play 
an important part in (lett>rminin/>( the size of the sphere (»n 
which the pressure of a jjiven tyi)e of ineidenl. rmliution Inus 
a maximum value. 

Prof. Love* hiis used th(! solutions corresjKimling to the 
characteristic vibrations to di.scnss the mode of decay of an 
arbitrary initial disturbance, lie makes use, in fact, of the 
functions whore k is one of t he roots of one of tin; 

equations only the spht're is treateti as a jHsrfect 

conductor. 

This method can trasily be (‘xUuuled ho as to provide us 
with a method of discussing th(r probkmt of tht^ HCJil.t«*riiig of an 
arbitrary primiuy disturbance by a sphtmiad obstacle. In this 
method we assume that the totiJil disturbancti outside thesphens 
can bo represented by 


rp- - 2 i (V) (cos $) cm m ' 

71 wO 

rV^t 2 2 fn (W (cos 0 ) sin m i<f> - 

(»), 


where the kg’a are roots of one of the cspiations of tlu! ty|)o 
(ha) '^n (ka) — vyfrn (ka) -^n (ha) “• 01 
(ha) (ka) - 17^/ (ka) (ha) » 0, 


( 100 ). 


The coefficients must then be chmwn so that this total disturb- 
ance has the same character as the primary disturbance at its 
singularities outside the sphere and at an infinit«» riistance, 
taldng into account of course the pn*sen<Mi of diverging waves 
from the spherical obstacle the effwt of which is, however, 
negligible at infinity. 

The field inside the sphiaro is repn»onte*i by cwjuations 
similar to (m), one with hp written in place of kp. The boundary 
conditions are satisfied in virtue of (100). 

If a series of type (<») should fail to represent the disturbance 
outside the sphere, it may be noasssary to mid terms cor- 
responding to the free characteristic vibrations. These are of 
the form (m) with the function fn written in place of and 
numbers kn determined by equations of ty{H» Ln « 0, — 0. 


* .BrmL' Lmdm Mal/i. B&c, Ser. i. i lli04L M. 
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§ 19. The case of a very small obstacle. 

Whian a, the. mdiuH of the sphere, is very small compared 
t;h the wave-kaij^th \ of tlu^ incident radiation, wo may treat 
and hd. as small (piantities. We may then obtain some idea 
tht! relativts magintiudes of the difterent coefficients in our 
ries by using th<^ tixpansions ((»(>) and (61). 

It is easy to sei' that the values of An, Bn <lccreaso very 
pidly in absolute magnitude as n increases. The disturbance 
diat.ed from tlu» splu're can consetiuently bo represented 
)proximattdy by superposing a small number of partial waves, 
le effect of tlu^ othm's lasing negligible. 

Eonnsmbering that I'/i, ~ r)k, we find that when II is finite 


r 

n 


'n 


n 


(2w + ;}) . I» . Iff . . . (2« + 1 )• ’ 

(h + 1 ) t; ( A;’* - /(“) 

lMff...(2a + lff • ^ 




{n 1 ) 4 - fih^ 

2n 4 i 



:k 1 it in aijay to hoc that all oar HorioH converge. 

It iipiHiars from tlicme oixproHsionB that the ath magnetic 
avo, i.o, th(^ (linturbance dw. to tlu! ?ith term in the expansion 
>r (7j, m (»f the Bania order of tnagnitnde as the (n4l)th 
lectric -mm\ i.o.. the disturbance due to the {n 4 l)th term in 
le ex|MinHion c>f Fj. ''riuH in in sharp contrast with the result 
btiuruKi by Sir J. «L Thomson for the case of the totally 
:dkH5ting sphere wherein the nth electric wave and the nth 
lagnetio wave are of thc^ same order of magintude. 

'‘rha first electric wave is clearly of chief importance and 
lie has proposed to ajtll this Haylmgh*^ radiatiotk We eiwily 
nd tliat 




/i, 


-1 lc>(k>-h^) , 
2.3>' 8yfc^ + 2A> ® 



The following diagmms, which are taken from Mie’s paper, 
ndicate the character of the electric lines of force for the first 
our |)arti»l vibmtions of each typts. I'or the magnetic waves 




ss 0 and HO (‘k'oiric linoH of force are npherical curveB. 
t,h(" (^ane of (‘Icnda’ic wav<‘,H tlu^ liiKVs of force lie on 
tain (^otnw n.nd the diagraniH reprciBi’snt the intersections of 
phor<‘. with tlnvsi^ coih^h, the vt^rtices of the cones being at 
? Civiitre of tlu^ splun’c^^. 


§ 20. Polarisation of the scattered light. 

Ijt^t UH now look for cas(*H when the light scattored by the 
ier(‘ is liiu^arly j)olariHii<l. It is easy to see that and 


th vanish when = 0 and 

du 


« 0, These conditions are 


th satisficHl by ^ « 0, wln^n the observer looks in a direction 
right angles to the electric vil)ration in the incident wave 

iR. :i)- 

It ap|H^ars from the figure that the component of the electric 
ctor of tlie scat tt*.red light, which 
at right angles to the direction 
which the observer is looking, 
parallel to the tdi^ctric vector 
the incident wave. In a similar 
ay it is fouiul that and M0 

)th vanish when ^ « ± ^ » i.e. 

hen the observer l(K)ks in a 
.raction at right angles to tlu^ 
agnetic vibmtion in the incident 
ave. The magnetic vibrations in the incident and scattered 
aves are now found to be parallel 
The experimentH of Steubingf with different kinds of col- 
)idal gold soluticms have shown that when the solution ie 
luminated with polarised light and viewed in the manner 
escribed, there is always a small quantity of unpolariaed light 
ent out from the |Mi.rticles, but the greater portion of the 
cattc^red light is polarised in the way the theory requires. 
?he slight cli8f.igreement between the theory and observations 
3 attributed to the fact that the motellic particles are probably 

* Tha author is indebted to lb© publlibor of th© Amalmidm' Jobaaa 

».mbro8lui Barth, for parmiiiloit to raproduoii tho figures on pp. 52, 59 and 64, 
t l)i$$§rtutit>nf 0roifiwaid (1908) ; dm* d. PhyM, ToL 26 (1908), p. 829. 
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not all spheres*, that some may have (leveIo{MHl into crystals 
perhaps of octahedral form. The maihc‘.maticiil theory of the 
scattering of waves hm not yet fully dcvehipcd. The 

problem is, however, one of grtmt importance in meteorulogical 
optics. The case of a regular distribution of atoms or molecules 
has recently been brought into proininencc^i* by i*xperimental 
work on the scattering of ROntgen niys by a crystal Approxi- 
mate mathematical theories have been givtm by several writers §. 


I 21. Intensity of tie scattered light. 

When Rayleigh's radiation alone is considiired, we liave 


Er^O. + 

u 3? CD 

* ** r sin ^ 9^ ’ vr 

rr p d^irV) 

* r dd ’ »r sin 6> 9r9^ 

where 



1 ^-h? , 


fe-^ (l - »in « Bin 1 04). 


At a great distance from the origin the radial tsloctric force 
is of order - while the transverse electric juul magntstic forass 

are of order D Hence the intensity of the scattenMl light 

diminishes ultimately according to the inverse square law when 
points on the same radius are considered. It also varit* as the 
square of the volume of the particle. 


• This remark is made by both Maxwell Garnett and Mle. 
t It had previously been considered by liord Eayleigh, •• On the Influence of 
obstaoles arranged in teotangulai ordw on the properties of a medium," l‘hil. 
Mag. (6), Vol. 84 (1892), p. 481 ; SHenUfic Papert, Vol. 8, p. 19 ; and by 
T. H. Havelock, Proa. Boy. Soe. A, Vol. 77 {1006), p. 170. 

t Lane, Friedrich, and Knipplng, Bitzungtimr. der Aftilnf. BayerUchm 
Akad. d. Witt. June 1912. 

§ See, for instance, W. L. Bragg, Proa. Camh. PkU. Soe. Vol. 17 (1918), 
p. 48; Proc. Boy. 8oc. A, Vol. 88 (1918), p. 428; M. Isiue, MBne/mer Bar 
(1912), p. 868; Arm. d. Phyt. Bd. 41 (1918), p. 989. Bd. 42 (1918), p. 897; 
P. P. Hwald, Phy$. ZeiUchr. (1918), p. 465; L. S. Omsteln, Amterdam Proa. 
(1918) ; M. Bom n. T. v. Karmsui, Phya. ZeiUehr, (1912), p. 997. 



All ap{)rt>,3cinmt4^ fontiiila far tlu* inkiiiHity in 

/ « A-*«» «'»“ <i>) •••( H)r,), 

inU^iwiity of iiu’idi'iii n'uiiatioii binng 
If crrr’O fcir thv l^l♦ditl!ltl tiuiHidit t,h<> nphoro* the cjuautity 
invi^moly |m»jHa1.iotiitl io ihr waviidoiigth X of thc^ incident 
iation. Htnuu*. when h in largi^ compaml with 4 wc have 
tl Rayleigli H r<^*^nlt f haf iht^ ititerwity of th<^ Hoatterc‘d light 
it‘,H invemely m the fotirth power of the wavc^-knigth. The 
rt wiivt‘M an* on t.hiH aceonnt* «*AttenHl far tnora profnHcly 
n the long oiiom anti no we have an explanation of the blue 
air of the sky. 

The above ftaaaula for the intenaity of Ibiylatgh^a mdiation 
lieateB that there in no light of thia typi^ in a direction for 

ich 0 K3 ^ ,jj , i.t*. wl«>u t,hii ttbm*rvt*r ih ItKiking in a direction 

rallel to the dinn^tion of tins o!«!tric vibration in the incident 
,v<(. To obtidtj an tfsprowtion for the intenaity of the light 
It out in this din*etion we mn«fc take into account the second 
tctric wave and the firat magnetic wav<5. Rtsforring back to 
1 ttxproHMionM htr /4 and -4,, we find that when <r is neglected 
th inKid*» and tmtaide tins Hpht»n% this intensity of the Bcattored 
iiation varies ittversely as the eighth power of the wave- 
igth*. This correHjKinds to TyndaU’s “ nssidual blue ” which 
purer than the blue s»set» under oth<sr conditions. 

§ 2t. The absorption, of light by a spherical obstacle. 

Th<s totrfd isnergy nbsorlM'd from the incident radiation by 
singhs jMirtieli* etsusisto of twt* parts; first of all the energy 
attisrwi atul si'ctanlly the energy which flows into the particle 
nl is tnmsformed into h«it or chemical energy. Both those 
lantities may Is) cahsulakKl by the following method which is 
simplification t>f the one given originally by Mia 
The flow ttf energy acnwi unit artui of a very Iwg® sphere 
mctmtric with the «pht»rical particle takes place at a rate 
leasured by the radial component of Poynting’s vector, i.e. 

• Lord Buy Wgb, PM. Mttg. Vol. 12 (1881), p. 81. 







Now if E, K and //, // am conjugate conij)l(‘x <}uaiititiea, 
thiB component in (njual to 

^ l(E^e^ + + /!«<• •■“') 

Integrating with mgnni to t ho an to ol>t4«n tlu‘ iin^an value 
of this quantity over a pt^ri^ni we obtain an expreBsion which 
may bo written in the forinf 

E = [if,#* - if,if* - if#* #** + ##• if**l, 

where M, M* are the vahuss of M cdiTeKjHttuUng to thi^ sigiw 
+, - respectively in (86) atwl if. M* are derived from them by 
changing the sign of i. 

The function O for th« outer H{Mu;e is the sum of li„ and X2,, 
hence we may write 

rfl =» S iV (coH^) [«»«** + *'»«''* I 

rfi = 2 P„* (cos 0 ) [i<„e~** + + ve„e^] 

l...( 106 ), 

00 

rfi*« 2 P„*(co8 + Wh«^] 

rfl* « 2 P„* (cos 0) 

J 

where 

Un==^ i«-» ^ ^|r„ (kr), ?»« “ 2 ^ A « + /#„) (kr), 

Wn » I (^n - P») ?» (iv-). 

When the expression S is intogmtwl over the spherical 
surface, the result can be oxprosstid in the form 

4 + /,-/«. 

where 4 depends only on the incident nuliation, /| dejHuids 
only on the scattered radiation and represents th<s amount of 
energy absorbed by scattering, 4i depends on lK>th typos of 
radiation and represents the total absorption of energy from 

t We assume now that trsO outside the nphm. 



Aiinuiir I Kfv iaiJin 


t‘ wave, llie nuin <^f t.lu‘ throe ttainn with itn sign 

angi‘cl n'premaitH tlu-! amount of energy that Hows into thc^ 
hen^ and in truly almorbiHl by it. 

Ft'rfonning t«h<^ ititc'gration with regard to <p and collecting 
e dif!er<*nt terinn iogtdJu'r, w<*, fmd that the surface integral 
,n bt' writtiui in tlu* ftu'in 

I rv».,. , ^ rf/v\ de 


• - - 

1 i L * 


iVOV +Hin» 

d(f d(i J mn 0 




, ■ dUn dv,A (du ,n dv,n\ _ dWn dw„ 

^ 1 V (ir dr } V dr dr j dr dr 


+ khiUn + Vn)(>lm + Vm)~kkw„wJ^ . 

.’his tlixpnsHHion oiii btJ simplifiod with tht) aid of tho relations 

(*'>'>■ 


...(108). 


^ de 

2„.(„ + i). 

«> . m*^n 

2« + I / 

Tht^ first of thost) is evident since the integrand is the 
differt^ntial aHsfficient of a function which vanishes at both 
limits. I’o prove tho stscond we make xiso of tho fomulae 


sin 0 iV (c‘)8 0)’m — co»$, /»„* (eos 0) 


— n (n + 1) sin 0 . Pn (oos 0 ) 
,P„(co8^) 


1 + e(w“ 0 


.(109). 


PnPtn + n (n + 1 ) COS 0 . FnPn 


•+ Wl (?» + 1) COS 0 . PmPn 

Joos^./VIV] 





The integral is thus equivalent to 

n {n + 1) w (m + 1) i »(coh 0) {cm d) sin $d6, 

and so has the value we have aasigiu'd to it*. 

Our surface integnil now reduces to 

iv r Vdr + dr ) + dr 

+ +drj"^'"'‘ drj a«+ 1 ’ 

Since <r = 0 outside the sphere, w«' havt* Jc = k. Also when 
r is very large wo may use the approximations 

rt,, cos \kr — n + 1 *^1 _• _ - %■ ] 


n (n + I ) 




tin -v 008 |At - n + 1 2 j »)" 

~ i (J„ - 5„) ^ (- 1)"+> 

We thus find that » 0 and 


2n+_l 
n(n -(- i) 


.(1 10). 




When y =■ 1 these exproMuons are jxist half thorns given by 
Mie on p. 486 of his memoir. The reason why they must bo 
doubled is that our expressions for the incident light give an 
intensity 

In the case of a solution containing N spherical pjirticles 
per unit volume the total absorption eoefficitmt is thus 

»V B-l 

It is interesting to study the variation of this quantity with 
the wave-length for particles of different mzos, Mie has drawn 
* 01. Jj. Loi«nK, OettBr«* p. 636. 


abHorption curvt'K fur partifluH of f^uld varying in 8iz(^ from 
to I HO fMn. 



It will 1)0 Hiam that for ruby ml gold aohitions containing 
'ry fijuj jjiirticIoH thorn ia an abaorption maximum in the 
•eon com*«|Km(iing to a wavo-hmgth <»f about 526 yaytt. 

Mia has also drawn ourvos showing the pure absorption in 
dloidal gold solutioiis. 

Tho coloum of silver |iarticl«8 in colloidal silver solutions 
ava b«an discusstsd with the aid of the mathematical theory 
Y E. Mtiller*, 'I’h« fiarticlas of a silver solution show beautiful 
)lour phenomena, all colours of the spectrum from the extreme 


• 4<m. a. Phvt. M. 8S 
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blue to the extreme red bcang preHcnt* For othi*r applications 
of the theory wo must rch^r to tht^ pa|)erH of Ltaxl Raylidgh, 
Garnett and Mie and to Prof. Woods Pfii/dcal Optdas. 

The mathematical thtM)ry for a large immbi*r of pirticlt^s 
has been developed further on certain simplifying mHsum{)tionB 
by F. Hasenohrlf, A. Schuster^, W. IL »]ackHon§, L. V, King||, 
A. EinateinlF and M. v. Smoluchowski^^. It has beam ubchI 
recently by W. J. Humphreysff in a study of tht^ idiV*,ct on 
climate of large quantitios of volcanic dtwt in tlio upper 
atmosphere. 

§ 23. The pressure of radiation on a spherical obstacle. 

Wo shall now calculate the pressure of radiatii>n on a spherical 
obstacle, following the work of Debye excerpt in some of the 
details. The pressure is calculated on the assumption that the 
force exerted by an electromagnetic field on a unit charge 
moving with velocity v hm comjxaients of typi4t 

+ ( 114 ). 

and that the equations of the field cjin be derived by a process 
of averaging from the electron equations 

rot it =a “ + pv ) , rot A ™ 

0 V / 0 dt 

divj&=p, divif=«0 

Now if 

= I - B,^) + i - H/- IQ ) ) 

Xy=-E^Ey+HJ{y^Y„ 

8„^c{ByH,-E,Hy) ) 

A ooloared reproduction of an ultramlorosoopio piofcur© of a sO?€ir ioluUon 
is given by H. Siedentopf, Ber, tL DmUch. Phy», (k$, (1910), p. 0. 

t Wim, Benchte (1902). t AMrophysical Jmnml, ?oL *Jl (1908). 

§ Bull, of the Anmr, Math. Boc. Yol. 16 (1910), p. 478. 

II Phil. Tram. A, Vol. 212 (1918), p. 876. 

ir Ann. d. Phy$. Bd. 8S (1910), p. 1276, 

Boltzmam Pestmhnft (1904), p. 626; Xnn. d. Phy$. M. 26 (1908), p. 206 : 
PhiL Mag. Yol n (im). 

ft of t)m Mount Weather Obeermtmy (1918) ; Jmmml of ih$ PranUin 
Imtitute^ Aug. (1918). 

$$ We assume now that (xa 0, t 1 for the ©xtemal medium, io that p » 1. 
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2., we have ich^iitpically on account of (115) 


pF.,r^ 


OA'a , 9A'„ dXt 

(kc di/ dz 


1 

c“ dt 


<117). 


llonco l)y lihoorewi, if (I, m, n) arc the direction 

mieH of tli(‘ outward drawn normal to a siuface cr enclosing 
I tlK^ chargc^H in tln^ fiidd, 

j{LX, + m.Y, + aX,) === jJJ (pX, + i dxdydz. . .(118). 


Th(^ ^^>compom‘nfc of thi^ force I'^xttrte.d by the (dectromagnctic 
‘id on th(A obHtacle is t.huH the Hame an if there were tractions 


, F, Z at iuich point, of the Hurfacc^ and a volume force 

components. 


Now wlum wc^ inU‘grat.e with regard to t so as to obtain the 

dS 

usan value of the proHsure over a period, the term -~ 

mtributes nothing on m:count of the periodicity of S. The 
rofisuro may conKe(ju«ntly be calculated from Maxwell’s tractions 
Y, Z. In the present case the misan value of the pressure 
1 the direction of the axis of z is derived from the quantity* 

+ mZy + JiX,) =- - 1 cos e [XV* + XV* + //;* + Xfv» 

- XV* - i//*] - sin e {Er'E,' + Hr'IUl 
The surface intognil of th<^ moan value of this quantity over 
jKiritKl is accordingly 


■ 4/7** 

+ Bm${KrSt + UrB, + UrH,)\&me.ded<i,. 

Whan the incident mdiation only is taken into account, this 
Qtegral becomes simply 


^ a I I ^ ddd6 

^Jo Jo 

*nd vanishes complotely. Again, it is easy to see that when r 
s large the com|K)nents AV, ffr for the scattered field are small 

♦ W« asiam® now tlmt the surface <r is a iphere whose oentee is at the origin. 
)ur ©iprisslon is imsily obtained 'by writing down the ©xpressionsfor Ay, JS/ 
n temg of M/f M§\ i&V. 
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compared with the transverm^ com|X)neEtB, a product such as 
being of order r~‘^ may be neglc’ctinl whiui r in large, and 
so we have only to consider the integral 


- + ff0St, + fU Ih) 9 cm $ d6d<f>, 


where ^=J?o + A\, // = //“o 4 - //i- The terms which depend 
only on the incident field may, moreover, bi* diareganled. 

To evaluate we need the valiums of the intt^gnds 


T _ 


Pn iV + sin* 


dlV dP„ 


iW (id 


cot, & , dd. 


Pn' p 1 1 dP to' /) a _ jO ]/\ 
Pm + ^^0 P,i'\cmd.dd. 


By using the relations ( 109 ) we may tninsform the, first of 
these into 


1 (n + 1) ?w (m + 1) f Pn (cos d) Pm (cos d) sin d cos d dd 
Jo 


f dd ^ ^ 


{2n + 1) cos e . P„ (cos ( 9 ) » (ra + 1 ) Pn+, (cos d) + ?iP„_., (cos d) 
, ( 09 ). 


(2n + 1) cos 6 . P„> (cos d) =* nP'„+., (cos ^) + (?, 4. i) (oos d) 

(120); 

hence when the second integral is intt5grat<^<i by parts wt! 
obtain two integrals of the type ( 7 ( 1 ) and «> we have fitailly 

P =“ 0 w n ± I , 

o(n-l)>n(n + l)» 

^(2n-iy(2n + l) ”'-«-ll 

_on’(n + l)(n + 2)* 

(2n + l)(2n + 8) w-m + 1/ 

When the second integral /, is integrated by parts it becomes 
ds — J ^Pn'P nj' sin d dd ■= 0 m 


.(121). 


W * M + 1 j 


m^ftn 


,9 n(n + l) 

^ sr+' T ” 


..( 122 ). 
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Writing Pi in bh(i fonu 


Crr ftir 

»/J. 


M, + Ma*Me» 


+ + M^*M^*) sin 6 cos $ddd<j> 

:ui mnkiiig use oro<inafaonH (121), (122) and (106), we obtain 


, aa «— TT 


a’® (m + 1 ) (ji + 2)“ 
„‘:,(2/(:+ i)(2« + 8)LV dr 


(dUn+i dVn+i\ /dUn dVn\ 
y 'dr dr + 


dun , dvn\ I dun y-i . d(>„ ( A , dw„ dwi„+i 


fdun , dvn\ i du„ H d(»n ( A , dw„ dw„^ 

+ Vdr df J V dr dr 7 ^ dr " W 

+ ^(u„ + v„)(u 

fl+l + Vn+l) +• 

,. “«(Ti4l)r, , s,/du„ dVn\ 

t + 1 [(”“ ^ ) 

•— (Un + Wn) ^ 

We now UHt) the asymptotic expressions for m„, Vn, Wn when 
is large and omit the terms that depend only on the u’a 
We also write 


/dUn 

, dVn\ 

dw^ dWn 

\ dr 

dr j 



■An’ 




2 « + 1 


.«n. 


Bn 


7t{n+ 1) 

,nd obtain after some simplificatiorw 

^ (2«+ l)[a,» + a„-f ^n] 

*6 »:«l I 

®§ "4* 1 •*" 

V , (a„)9„ + 5„)S„) 

„.,iM(n+ 1)^ 


,-n-i 2a + 1 Q 

^ n(n+iy^' 


+ 


Tri^ [®»Sb+i + C<ji®n+i + 0n^n+l + 


m-l 


n 4 - 


.(123). 


This expression turns out to bo negative, i.o. the pressure 
lets in the direction in which the incident light is moving. If 
ihe constants in the incident light are chosen so that its 
djtonsity is unity, the above expression must bo doubled. The 
numerical value of the pressure hsis been calculated from the 
above fonnula by Debye in a number of cases. When the 
radius of the spherical obstacle is small compared with the 
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[CIt. 


wave-length of the incident light» tlu^ functions 
'^^(Aa), fn R^pD\s«ionH fi»r fin can be 

expanded in ascending powei'H of n. 'TliiH nuihod, lunvi'ver, 
fails when ka approacln^s unity and nunnuieal vhIuoh of tlu^ 
functions must bt^, ustul. 

In tho case of a tobilly ndlecting sphen* 


fi sa 

and Debye finds that if 


5 ak 


iS« 


Zwd 


i^nikit) 

C.{ka) 


dl24X 


where X is tho wave-length of thi^ iticidtuif. light, /y deucR-es th(‘ 
light-prcBSuro and l^T » |7ra^ is tlu^ tuiiU’gy of tln^ incident train 
of waves per unit hnigth of a cylindcT cinutinscribing the 
spherical obstacle and having its axis piralUd to thi^ direction 
of motion of the waves ; then 

(125). 

The first term of the serioa was given by Schwanwchild. 
The convergence of tho sorieH is slow as p jipprtMVches unity and 
several terms of the Berios (125)) muHt bo takt*n into iu!a)unt. 
By using numerical values of the functions >fr„{p), ^n(p) <uid 
their derivatives for n«*l, 2.. . 6 , Dobyo Ims succotHlod in 

drawing a curve for 


PliK.SHUIlK OF KAIMATION 




It will be HiH'ii that this prt‘HBure has a inaximum value for 
c^rtaiii vahu^ of p, approximately espial to L When p is 

the ratio approaches asymptotically the value 1 . 


l)(‘by(‘ cornparcjs th(* light prc‘ssur(i so obtained with the 
A'itational attracticai for a s{)ht‘rical particle of specific gravity 
rider tlu^ infhuaicc‘ of the sun’s radiation. He finds that if G 
>\\e gravitational attractioin 

/. 48()(> L 

(/" xsp • 

1 to get a numerical (^stimati*. he takers X«s600p/i, ^ 5 = 1. 

It apjH^arH that tht^ ratio vanishes both for small and large 
iU‘H of p : it has a ma-ximinn value of about 20 for p = 1 . 

In thi‘ <»f a dielectric sphere with refractive index n, 
3 (‘Xpinsion corre^sponding to (125) is 



p* n“-29n^ + 34»‘ + 120 


/ 15 • (w* + 2)(2n» + 3) 


(126), 

d ia for aiiculations only when np is small. 

Doby<! has tlrawn curves for in the cases n « oo , « = 2, 

■ 1‘5 jmd w — When w — 2 the curve appears to have 

ret! maxima and two minima between the values p == 1 mid 

-a 

'I'ho gresatest value of ^ is now about 2’6; the following 

I>U! indicates wh(;n the light pressure exetiods the gravitational 
tniction, thi* numbers p„ and p, give the extreme values of p 
ilonging to the range in which this is the case. 


« 

Vo/Max. 

/>0 

CO 

20 

'3 

2 

13 

•6 

1-6 

8 

•8 


A 

8 

6 


The maximum light pn^ssure is just balanced by the 
•avitetional Jietion when n is about equal to 1’33, the value 
r water ; for smaller values of n gravitation prevails. 
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In the case of an abHorhing Hpluanea! parlii'b% tht^ ecpiation 
which takes the |)laco of ( 1 26) is 


( 127 ). 




When a is small the light jin^HHure aiul gravitational action 
are both of order a® and their ratio tt*nds in a tiintt* limit, Inaice 
for certain types of absorbing matm'ia! tlu^n^ is no lower limit 
in the ska of a particle iKdow whieli gravitatitai exeet^dH the 

L 

light pressure. Debye has drawn a curve for fta* the case of 

a gold particle and fitids that there is a maximum value for 
p » 1'6 nearly. 

The existence of a maximum value for in tln^ caseH that 


have been discussed appt^ars to be due to tht* fiu^t that the 
value of p for which the maximum oceura is vmy nt'iirly ecjual 
to the real part of the complex value of p ct>rrt*Hpt aiding to one 
of the free damped vibrations*. Tlu; first electric vibmtion 
seems to be of chief importance in dtittwmining the {wmition of 
the maximum. 


The determination of the limiting value of ^ for very small 

wave-lengths, i.e. for large vahuss of p, is a matter of some 
difficulty, it depends on sonu^ expressions giving the iMdiaviour 
of the Bessel functions for largo values of n iwkI p. These have 


been found by J. W. Nicholson f and F. Debyi 


If p is real and w +■ i < p, we have when p m 

... .-k-:) 1 

(.in.:)* 

fn{p)”‘ T 

(Bin To)® J 


..( 128 ), 


* Of. Debye, loc. oit., and the similar remarks for the chso of optical 
resonance by P. Pookels, Pkyrik. ZHttahr. Bd. 5 (1904), p. ie*i. 

t SritiBhAiioeiation iJupcrt*. Dublin, 1908, p. S9iS ; Phil. Mtiff. Vol. 18 (1908), 
p. 106 ; Vol. 14 (1907), p. 697 ; Vol. 16 (1908), p. 371 ; Vol. 18 (1909), p. 6. 

t Math. Ann. Bd. 07 nfln9\. n. S»« 
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icru T„ in an angl(‘. lying botwcon 0 and for which 


ooa T„ = 


w + l 


d fa = win T„ — To cos t,. 

Wluni a + J > p and p -*-<x> , wo have 

„“<«/« \ 


?«(p) 


sa % 


{i sin T„)^ 


■^n(p) = 


Jffo 


.(129), 


(t sin To)i 

here T„ is now the root of the eejuation 

W. + A 
cos To = 

P 

hoHii imaginary part has a negative sign. 

When n and z are very nearly ocpial the values of (p) and 
'll (p) bo made to depend on Airy’s integral and are much 
ion' compliaited ; for these wo must refer the reader to the 
riginal memoirs. 


24. Other problems which may be treated with the 
id of polar coordinates. 

Th(i diffraction of electric waves travelling round the earth 
i a problem of some importance which has been discussed by 
{. M. Macdonald*, Lord Rjiyleighf, H. Poincar6J, J. W. 
Hicholsonl and other writers. 

The calculations tire very long and depend on the use of the 
•rmulac* to which we have just referred. RybcynskiH has 
econtly treated the problem by a method due to March and 
Ills taken into account the finite conductivity of the earth. As 
I'e have already mentioned this was done by Zenneck and 
iommerfold for the case in which the earth's surface is treated 


• Proc. Hoa. Vol. 71 (1908), p. 2S1 ; VoL 72 (1904), p. «9 ; Vol. 90 (1914), 
,. 60; Phil. Tram. A, Vol. 210 (1909), p. 118. 
t Proe. Hoy. Bae. Vol. 72 (1904), p. 40. 
t jRiiwI. PaUmm (1910) ; Proc. Hoy. Soe. Vol. 72 (1904), p. 42. 

§ Phil. May. Vol. 19 (1910), pp. 276, 486, 616, 767; Vol. 20 (1911), p. 167; 
7ol. 21 (1911), pp. 62, 2S1 ; Jahrh. d. draht. TeUgr. Bd. 4 (1910), p. 20. 

II Ann. d. Phv». Bd. 41 119181. 
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as a plane. The results of Nicholmut an<l Ptuncare itulicatc 
that diffraction round a perfectly conducting surfaci^ is not 
sufficient to explain tht^ upjwirent btaiding of tlu‘ t^leetric wavt‘B 
round the earth s surface. A gentTally accepkni <ipinion is that 
the ionisation of the atmosphere by tht^ Bims rays is a very 
important factor in producing the observcni efiects*. 

The diffraction of a solitary wavt^ or pnlse by a spherical 
obstacle might be discussed with advantage. The ev^duation 
of certain definite integnils involving Bessel functions, however, 
presents some formidable difficulties which probably amnmt 
for the fact that tlu^ probUmi does not appear to havt* hven 
solved. 

The scattering of cdectric wavers by a piTfectly comhicting 
conical obstacle has been trt^ated very briefly by IL S. Carslawf. 


EXAMPLES. 

1. Prove that 

1 + 2 (oos $) Pn (cos a)« log ^ , 0 ^ w. 

(0, Neumann.) 

2. Prove that 

J, (kp sin a)- 2 (2»+ 1) »• /’. (« 0 H e) (c<« «). 

(K. W. Holmon.) 

* Of. the diaouBsion at the BritiiL Awoeialion mcielliig, Bundet (1W2), ami 
an a^iole by W. H. Eooles in the Year Book of WinkmM Tekgmph^ (ISIS). 
Some quantitative experimenti on long distance teteg»phy haw b«in mmU 
recently by L. W. Austin, who obtains an emplriml riklion iMitwiien the 
magnitude of the euirent received and th© distune© btlwten tl» Iwo sktions, 
Bulletin of the Bureau of Standank^ Yol, 7 (ISll). 
t Phil Mag, Yol. 20 (1910), p. 690. 



CHAPTER IV 


(CYLINDRICAL OOORDINATEB 

§ 25, The wave-equation in Cylindrical Coordinates. 

If we put p cos sin the wave-equation becomes 

8% Idu 1 d^n , 10% . /ioA\ 

+ + + (130). 


Two particular solutions of this equation are suggested at 
ace by the general solution of § 5 : they are* 



rtw 

« - F 
Ja 

s + ip cos a, 

^ - sin a (ia . . 

c J 

....(131), 

nd 

U SU j F 

J 

z + ip cos a, 

< — ^ sin a da . . 

c J 

....(132), 


ospectivcdy. The first of those represents a wave-function 
rhich is symmetrical round the axis of z and which reduces to 
\TrF {z, t) when p^O. It gives us at once the formulae 

0*) = 2 ^ (z + ip G08 a.y da = ...(183), 

vhore n is an intogerf, and many other interesting formulae 
nay be written down by simply choosing different wave- 
unctions that are symmetrical round the axis, 

^ Th« first of tk®a® Is an obvious genomlisatlon ol a formula given by 
>. Bdwanies, EdtmUimal T%m»i Oot. (1904), 

t The formula is also true under eertain limitationa when n is not an integer, 
iee Hobion, PML Tram. A, VoL 187 (1896). 
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For instance, 

1 

TT J 0 4- COB 6 r ^ r 4* ^ 


1 

Trio 


• ^p < 

> CO£ 

— 5^0 4 V COB 6 


log {z 4* ip COS 6) - log Zq _ 1 ^ r 4- 4- 'R 

““ jO o . 


.K ^ r 4- — /f. 

« p^ 4- r > r,). . .( 1 :U)\ 

27rJo z + ip cosa * 

There is another geneiul formula for a wave“funetion sym- 
metrical about an axis, viss. 


u- 


■/■ 


^ cosh a, ^ — p ninh a 


da ...(L18), 


where the function F is of such a nature that 


1 . , dF ^ . dF 

c dt dz 

vanishes when a=:± oo. As a particular instance of this 
have the function* 

^ 0 “ 0 “) 

«rhich may be regarded aa the cylindrical wave-|K>k!ntial for a 
line source of strength F (t) along the axis of z. 

A peculiarityt two-dimensional propagation of waves 

is the existence of a “ tail ” to the disturbauct^ when Fit) is zoro 

for i < 0 and i > r, for if i > r + ^ wo have 

0 

F (t — ^ co»h da ....,....(140), 

where p cosh 5 = c (i — r). It is clear that this oxprosHiou for 
O does not generally vanish. The wave-function (KIO) is t hus 
essentially different from Euler’s wave-potential for a i«iint 
source, viz. 

* Of. H. Lamb, Hydrody minks, pp. 381, 500 ; V. VolUtrra, Aeta .Vat/i. 
t. 18 ; Levi-OivitS,, Nuovo Oimmto (4), t. 0 (1897). TU« formula 1 m a pw-tionlar 
case of a more general one given by Dr Hobson in 1801. 

t This was disoussed by 0. Heaviside, nu. May. (6), t, 36 (18««); JChv- 

trical PamrM, VoL 9. Raa *i.l TiA.WtK Wk Amti 
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in thin cano ia zero for it > r + — , provided the source is 


y active when 0 < it < r. 

V, Voltemi^ has obtained a numb(ir of elementary wave- 
ictioiiB of the form 


(141). 


He finds that F must satisfy the differential equation 


rPF ^ TP 

(1 ^ ^ 4- ,9 (2n -- s^) ^ + n {n ^ 1) 0 ...(142). 


If we try to solve (130) by means of a function of the form 
u = Wp^ cos in(<f> — (f>Q\ 

lem W is independent of we find that W must satisfy the 


nation 


d^W,2m + ldW d^W Id^W 


dp^ 


4- 


+ ■ 


p dp 


=. 0 
df 


.(143). 


Solutions of this which are independent of z may be derived 
>m the following formulaef, in which m 




s J / ^ cos 0 ^ sin^^ a. da (144), 




' f F ± cosh 7}^ sinh^^' 97 . cZ?; (145). 


There are, of course, certain limitations concerning the 
diaviour of F (i^) at infinity. The first formula enables us to 
DtC3nnijne the value of W when its value is known for p = 0» 

§ 26. Elementary solutions of /^u + = 0. 

The differential equation 


dhi 1 du 1 0»M . ^ 0 


.(146) 


iOSBUBHCH olomontfiry yolutiona of the types 

Jm (p VP + P) e cos ra (tp — tpo) (1^ '^)i 

ip Vx^ — P-*) cos TO (^ - ^c) (148), 


* dcia Math. VoL IB. 

t E. W. Hobson, iVor. London Math. Soc. VoL 22 (1891), p. 481. The 

Imt ftoliitlAifi is fills to Poiftann. 
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where X, h and m are real or complex arbitrary couHtantH, The 
first solution may of course bo generalisiKi inie 


= rJ,n{p^¥+h^)e"‘''V(h)hdh (149), 

J {$ 


and a similar remark applies to the aticon<l. If w** wish to 
express a given wave-function in the first of thesis forms, the 
following inversion formula duo to Haukel is i«irticularly 
useful*. 


F{a!)=( Jm {irt)f{t) tdt 
Jo 

f(t)= rj,.(a^)F(x)wdw 
Jo 


.(150). 


Let us use this fonnula to express ^ in the form (149) 

when m = 0. Since the representation shoiild Iw valid for 0, 
we find on putting it* •+• Ii? = X®, a = k, that 

ikft roo 

— - J,(\p)f(k)\dX; 

P Jo 


/(A)-r/„(xp)s-*'’(£p 

J 0 


Hence we obtain Sommerfokl’s fonnulaf 

(1.U,, 

the upper or lower sign being token acconiing as a 5 0. A 
more complete proof is obtained by applying Hankel's inversion 
formula to the equation 




Jo ^ r o/x* — li^ 


X»>A,-» 




VifcS-X* 

which is established in Prof. Lamb’s j)apor. 


X* < 


...(152). 


* See Gray and Mathews, Treatiu on JkB$el Fmusthm (1S9S), p. 80 ; 

N. Nielsen, Handhuch der Theorie der CylinderfUnktitmtn (1904), p. 888. 

+ Ann. d. JPhytih, Bd. 28 (1909), p. 688. Some analogous formulae are 
given by H. Lamb, JProc. London Math. Soe, Ser. 2, Vol. 7 (1909), p. 140 ; 

O. VaT q Afro* m a ‘ -- - 
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A few more forniulacs will now be written down to illustrate 
uK5tho(l of general isation by integration with regard to 
variable, parametcir 

K„ (p V — li?) cos X (z— cos X(a — b) da 

{X^>k\ R^ = p^+ (z- ay). 

If m is zero or a positive integer and n is a positive integer, 
■Jm (coa 6) = p e-"*/,,, (Xp) X«dX, z > 0, 

(Hobson.) 

§ 27. The propagation of electric waves on a semi- 
iflnite solid bounded by a plane surface*. 

In this problem the surface of the earth is regarded as an 
(finite plane and the waves are supposed to be generated by an 
itenna, of which one portion is vertical and the other horizontal. 

Lot us assume that the electric and magnetic forces are the 
sal jMirts of vectors of the form He~^ respectively, 

len it M ’em H ± ivJS, where wo may satisfy Max- 

'olFs equations by putting 

ilf-rotn± ignuldiv n±ifcn ( 163 ), 

Inhere All 4* =* 0, . 4- i/M(o<r (164). 

To imitate the action of the antenna we shall place two 
ibrating doublets at a point at distance a from the plane. If 
m of these vibrates vertically and the other horizontally, we 
imj put for the primary radiation Ho — (P*, 0, P^f), where 

i2*=»p» + (z-a)^..(165), 

nd the axis of z is vertical. Wo write B with a negative sign 
o signify that the horizontal branch of the antenna is drawn 
n the negative a;-diroction. 

* A. Sommerfeld, Amt. d. Phyt. Bd. 28 (1909), p. 666 ; H. v. Hoersohlemann, 
rakrb. d. draht. Telea. Bd. 6 a912L DD. 14. 188: Dmertation, Munich fl911). 
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A ccmvcmioBfc exprcHHit)!! for li« iHobtaiiiiod by Souoikt- 
feld B equation 



whore Z = Vx® — M Appropriate funetiouH IIj, Ily tlu» n*- 
fleeted and transmitted disiurbancoH are obtairuMl by putting 

Ilisa 2 cosn^jb [ Jn(Xp)e'"^^^’^^KF,i(X)dX 
naO J 0 

. z<rt...(157). 

na= 2 008 n<f>l (X/j) Gn{X)d\ 

where m = Vx®-A“ and h is the value of k in the wx’ond 
medium. The functions (X), (X) arts vectors with com- 

ponents [/n(X), 0, -^wCX)], [ 5 'n(X), 0, x»(^)] ntajKJCtively. 

We can satisfy the condition that the tangential corn{H>nonts 
of the electric and magnetic forces should be continuous at the 
surface of separation of the two media by putting for j ■» 0 

Ho-f n,-ri, 
rot(n„-t-n,)-rotna 

|jdiv(ri,+ n.)- ,J,div 

where /a has been taken to bes unity for both media. 

Substituting the integral expressions for n„, II,, ll,jin these 
equations and equating to zero the aadhcituits of functions 
of type ./«(Xp) in the resulting integral ecjuation, wo obtain 
the system of equations 

/o 6-^ - j 6-^ x=^„ f/ar"”*. 

A 

— l/ii e~*“ - He"*® =» mffa — //„ e~^ xs m^n 

e-to) ^ x. 

(x ~ i - 1 (mx.e-*** ™ 
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>rci tihc last e([uat;ioii has been Hiiuplitiod with the aid of the 
.i.ioriH /'„ = //„ = 0 («>()) which are a coriHeqiieuce of the 
viouH eiluations. 

Solving these eciuations wo eventually find that if 

-(Q*. 0, QA = 0, E,), 

- - 2B r,h (Xp) , 

Jo 6 + 'tn 


}i4 -f l 


A, j J(f {\p) 

4 - 2B cos <p Ji(Xp)e ' 


f (s:+<i) 


(I+m) (/iH + k^m)' 


Rx ®» 2Ah^ J J(i(Xp)e 




Xd\ 


kH + 


4" 2/i COB 




(/)■>- k^) X‘‘dX 
(i + mj (/iH 4- A%0 * 


The ** directed effect '' depends on the presence of the terms 
/olving eoH ^ in the expressions for Qx and Jig. Now when 
a 00 for the second medium, A « oo , and these terms vanish 
lOgether ; hence the possibility of directing the energy of the 
liation sent out from the bent antenna is due to the im- 
rfect conductivity of the earth. Von Hoerschlemann has 
/on a nutnerical discuBsiou of the above formulae but the 
vestigation is too long to bo inserted here 


§ 28. Propagation of electromagnetic waves along a 
raight wire of circular cross-section*. 

Let us consider the symmetrical case when the electric 
rce at any point is in a plane through the axis of the wire 


^ H. MleetHc Wavm ; J. J. Thomson, Proc* Limlmi Math, Soc, 

4. 17 (1BS6), p. BIO; Ilmmt Iteaearcheiff § 259; A. Bommorfeld, Ann, d, 
ipile, BtL 67 (1899), p. 2BB ; Gmy and Mathews, Jkmel FimcMom, Ch. 18; 
. AbnUiam, MtwykL d. Math, H'im, Band V. 2, Heft B (1910), p. 526; 
l4brmor, Prae, of the Mh Ini, ConyreHn of Mathmatidana^ Vol. 1 (1912), p. 206. 
M problem ©onHklered in this last paper is ohiefiy that of alternating currents, 

n. the firmMd nf flnw WAdii/ied bv a nnifomn nfifiodie foro®- 
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[GH. 


and the magnetic force \h in circles at right angles to this 
plane. The field etjuations an^ t.hen of the tyjM's 

cr , 


c dt * 


^ ^ ipiU), ^ 


c dt 

_H^dlh^dE, _dK, 
c dt dz dp 

Those may bo satisfieil by putting 

„ Id / aii\ 

pdpK^dp)' 

ii ^ — 

^^*““ca«0p edp 

where H satisfies the ccpiation 

6ga»n , <r/aan_^n^i 


K. 




dm 

dpdz 


df c> 


dt ^ ds^ pdpX dp) 


: AH 


( 159 ). 


.( 160 ), 


.( 161 ). 


Putting 11 « % w (3 find that Au + »« 0, whiin’i 




epm^ — %fjL€d(r 


We now aHBume that for |>omtH onteide the wire* 

u as il A”© (p — ^), 
and that for points inside the wire 

where h is the value of k inside the win\ These assumptions 
arc made for the purpose of detennining the |K'riods and rates 
of decay of electric waves that can travel along the wire and 
maintain their own field. The first solution is chosen so as 
to make the flow of energy negligible at an infinite distance 
from the wire so that the systetm is selfrc<uitained ; and to 
ensure this it is necessary to suppose that the nml |mrt of 
Vx* — is positive. The m-jcond solution is c5hosi.‘n so as to 
make the electric and magnetic forces finite on the axis of 
the wire (p « 0). 

Let p *■ a be the equation of the surface of tht^ wire, them 

* Wi follcw here the work of Sommerfeld in whieli il ii iiipposiMi llia»fc thore 
are no oonduotors outilde the wire. Sir JF. J. Thomson allowi for the prwnoe 
of external oondnotow by supposing the di^eetrio surrounding the wl» to ^ 
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continuity of the tangential components of the electric and 
gnetic forces rccjuires that when p = a 

-d J /c®) — 

: -'kl 62 X 

ind Vi being the values of the (quantity <r + i®e at points 
iiside and inside the wire. The elimination of A and B gives 
a to a transce.ndcntal equation for the determination of X. 
,e totiil current flowing along the wire is 

,/ BE 27r I aKzpdp 

JO 

= — 27 ra-e~^*'’‘pB^^Jii{ip'dy^— h*) for p — a. 

On the other hand the electric force at the surface 
the wire is 

i pBe~^ J„ (ip Vx* - h*) for p = a 

= - B (X> - IP) e-^ Jo (ia VX»^“), 
once, if we put 

aero R and L are the resistance and self-induction of the wire, 




X“-A.» 

27r<r 


noJoix) 




he roots of the transcendental equation have been discussed by 
Dinmerfeld who used a method of BUccesBive approximations, 
he values of X are complex m the waves which travel along 
u) wire are damped owing to the imperfect conductance of the 
ire. It appears that when the disturbance does not penetrate 
X into the wire, the damping is small and so the velocity of 
rojmgation is very nearly equal to the velocity of light, 
^hen, however, the field docs soak into the wire to some 
ictent, the damping is of coarse considerable and so the wave 
ravels with a velocity a little less than that of light. In the 
rst case the real part of - ¥ is large, in the second case it 

a amiill 



78 CYLmmUOAL cooudixatrs [cu. 

In Lechor’a amuigeniont* then* * § are two eonjuguti^ parallel 
wires between which tlie waves travel, consetjuently the fitld is 
not symmetrical round the axis of one of the wires. 'I'hi.s cjuse 
has been discussed by G. Mief with the aid of bi-polar 
coordinates, and the lines of force havfs been studied by B. 
Morton The latter also considiTs the case of n parallel wires 
passing through the corners of a regular IK>lygon§. 

The mathematical analysis for the case of a curved or twisted 
wire has not yet been fully developed. The iniiportant ease of 
a spiral wire has, however, been diseuased by 11. (1 Pock- 
lingtonjl and J. W. Nicholsonll. The latter gives numerous 
references to the literature of the subject. I>. Houdros** * * §§ has 
recently discussed the projsigation of some tyjHis of unsym- 
metrical waves along a single wins. The electromagnetic 
theory of an electric cable has been given by Sir Joseph 
Thomaonff and F. HarmsIJ. The latter considers the case 
when the outer conductor of a cable is repIatsHl by air. 

§ 29. Other problems which may be treated with 
cylindrical coordinates. 

The diffraction of electromagnetic waves by a cylindrical 
obstacle has been discussed by Lord Kayleigh^, W. Seitz||||, 
W. IgnatowskyfH, P. I)ebye*t, C. Schaefer*!, and J. W. Nichol- 
son*^. Schaefer has made an extensive study of the case of a 

* Ann. d. Phyi. Bd. 41 (1890), p. «S0. He® ftlso O. II Ifmm> 

aimento (4), t. 6 (1897), p. 172. 

t Ann. d. l‘hy$. Bd. 2 (1900), p. 201. The omii in whioh the onpaolty 
is small is discussed at length by J. W. Niohokon, Phil. Mag. Peb.—Hept. (1909). 
The current is supposed to flow along one wire and return along the other. 

X Phil. Mag. Vol. 50 (1900), p. 606 ; Vol. 4 (1902), p. 802. 

§ Phil. Mag. Vol. 1 (1901), p. 668. 

II Proe. Camb. Phil. doc. Vol. 9 (1897), p. 324. 
t Phil. Mag. Vol. 19 (1910), p. 77. 

•* Ann. d. Phy$. Bd. 80 (1909), p. 906 ; IHctertatiim, Munich (1909). 

tt Proc. Boy. Soe. Vol. 46 (1889), p. 1 ; lieemt limareha, p. 262. 

tt Ann. d. Phyt. Bd. 28 (1907), p. 44. 

§§ Phil. Mag. Vol. 12 (1881), p. 81. 
nil Amv. d. Phyt. Bd. 16 (1906), p. 746. 

KIT Ann. d. Phy». Bd. 18 (1906), p. 495. 

*t Phyr. ZHtaekr. (1908), p. 776. 

*t Arm. d. Phyt. Bd. 81 (1910), p. 462. 
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dit‘l< ‘ctric cylinder and his I'esidts have, been tested experimentally 
by (Jrossniaim. This is one of the few cases in which the 
inlliuaice of the material properties of the obstacle has been 
takon into account in the mathematical treatment of a diflErac- 
tion problem ; the necessity of doing this has been clearly 
indicated by aonui of the experimental results. 

P. Debye has studied the diffraction problem with reference 
to tin* theory of the rainbow. This had been done for the case 
of the sphere by L. Lorenz long ago*. 

Electrical vibrations in regions bounded by cylinders of 
various Hhapos hav(‘. been studied by Sir J. J. Thomsonf, Lord 
IlayleighJ, Sir tl, Larmor§, R. H. Weber ||, A. KalahneU, and 
J. W. Nicholson**, The latter has also calculated the pressure 
exerted by a train of plane electromagnetic waves on a perfectly 
conducting cylinder 


EXAMPLES. 

1. An infinitely long metal cylinder of specific conductivity <r 
and permeability ft, bounded by the surface is surx*ounded by a 

dielectric of specific inductive oiiiiacity f. A train of waves, in which the 
electric force is perpendicular to the cylinder and to magnetic force and 
if undisturbed would be represented by the real part of + 

is passing in the dielectric. Prove that the magnetic force inside 
the cylinder and the i>art Hi of the magnetic force outside representing 
tlie Hcatterod wave, are given by the real parts of 

//j 2 2 Kn/m m<jb, 

m m 


whore —ArriMriu, aiid 


43r(r 












* (kunret ncimtiflqxiet, pp. 405 — 602. See also Gans and Happol, loc. cit. 
(p. 44). The moBt recent paper on the rainbow is by W. Mflbius, Ann. d. Phya. 
Bd. 88 (1910). 

+ liecent Iteamirehea, p. 844. 
t Phil. May. (6), Vol. 48, p. 126. 

§ Proc. London Math. Hoc. (1), Vol. 26, p. 119. 

II HabUitatimmehrift, Heidelberg (1902) ; Ann. d. Phya. (4), Bd. 8 (1902), 
p. 721. 

IT Ann. d. Phya. (4), Bd. 19 (1906), pp. 80, 879 ; Bd. 18 (1906), p. 92. 

** Phil. Mag. Aug. (1906), May (1906). 

4.+ P'ir»n/» T jamri.tvm \>Tfith. Vnl . 11 Vt . 104... 
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QYLmmiCAX. COORDINATEH 


for positive iutogral valuos of m. TIio constants hert.) have refarcinco to the 
electromagnetic system of units. 

(C/iwnbr. Math. Tri|Mm, Ihirt II, 1905.) 


2. Plano electromagnetic wavm roproHentiH! by 

fall xxpon tho perfectly conducting cylinder i^rovf^ that in the 

scattered field ^ 

(F. Debye.) 


3. The wave-potential for a circular ring of point sources is given by 

Q-.J“ :>0. 

(A. ih Webster.) 

4, The wave-function 

Q SB a ^ Vo (p V P -h X‘^) cos dX 

is ssoro at points on tho plane 5»®0 which lie inside the circde for 


^swO, p^>a^ its value is 0 (p^ — a*)"*^ eoa {kfj p^ -» d^). 


(Bonin.) 


5. If the integml 


J Vo M '>< I* j^x yy/<* ~ *»+«*+« {« (<-«)+! (« +*) j 


represents the function outside a jiandmloid of revolution 

whose focus is at the singularity si nh if4, p®0, and which paHseM 

through the circle p-r^, It is ssero inside the |>araboloid. 

6. The oirouital relations in oylindricid c<K>rdinates are 


p dE. a//* a//^ p . a/4 0/4 

c ”ai{ ’*a^ 3^ ’ c * 3 p 


p a . . 3/4 3 ... . -(I 


and similar equations in which B is n>phmed by — // and // by E, 


7, If J [ » X cos mt — y sin «s>^i F«*x sin +y cos 2 -» ri, where 

and 0 are constants, the function F, Z) i« a wave-fiinction if E* 

satisfies the partial difibrential equation 
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Obtiiio particular solutions of tho fonn 

a „ /(«-*«) +»»(<>-»«) (pp) +i?r„ (pp)] 

where V "~eV m, A, B are arbitrary constants. 

8. An oscillatoxy current is induced on a circular wire of radius a 
cixcited by a tiniform electric force acting on its surface from the 

Hurrouuding medium. Obtain exproHsions for the iiiducbince and resistance 
of the wire per unit length when the wire is regarded as straight and no 
disturbing conductor is near. 



CHAPTKIl V 

THE PROBLEM OF DIFKRACTIOK 


§ 30. Multiform solutions of the wave-equation*. 

Tho wave-functions nsquired to solvt' many of tin* bouiKiary 
problems of Mathematica,! Physics an* not. sinj'h'-valuod func- 
tions of X, y, z, t in an ordinary s{«ico. W<s may, howcv(jr, 
regard them as single-valued functions in a llitunann’s sjmwu^. 
This is a simple generalisation of the lliomann’s surfact' of tho 
theory of functions of a complex variable -|* ; (wtu-y plane 
section of tho Eietnann’s spice is in fact a Hiemann’s surface. 
Instead of branch lines and branch points we have branch 
membranes and branch curves. Thus in tho physical problem 
of the diflfraction of light through a circular hole in a screen, 
the boundary of the shadow of the screen is tho branch mem- 
brane and the edge of the hole tho branch curvt*. 

We shall commence by finding a multiform solution of 
the equation 




*0 


The fundamental solution u « ^ ■■ a) 

of period Stt and can be ex|mnded in the fonn 

va J^(kp) 4” 2 S i^Jnikp) cos n «- a)...(lb4). 


* This theory m due to A. Bommerfeld, Btuth. Anm IM, 4$ M. 47 

(1896); ZdUekr. filr Math. u. Phy». IM. 46 (1961); Priw. idmtitm Math. Hm. 
(1), Yol. 28 (1897), p. 417. It hm been dwloptl by H. B. Oawlaw, Prm. 
London Math. Boc. (1), YoL 80, p. 1*21 : (9), YoL t, p. $m ; PML Mag. Vol. 0 
(1908), p. B74; YoL 90 (1910), p. 690 ; Fmmer^M Herim ami iaifgmist Ch. IS; 
W. Yoigt, am. Nachf. (1899) ; K. W. Ilobion, (Mmh. PML Tmm. YnL IS 
(1900), p. 277. Different method! have beta tiioti hy H. M. Maaiomld, EUciHc 
Wavm, Appendix B; K. Bohwar^iohlld, Math. Ann. M. m (190*2), p. 177; 
Proc. IjmMnMath. Boo. YoL 28 (1898), p. 186; 0. W. 0«iiin, ArMo pir nmt. 
Bd. 1 (1904), Bd. 2 (1905). 

t See Hariknese ^ Morley^g Thm^ of Fmmtimm (1893), Cli. 8* 
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A aohifcion of period 2m7r may evidently bo constructed by 
writing down a aeries of the form 

» ,, 

i {kp) cos — (<f> — a), 

» “• 00 M 

where, the a.„’s are suitable constants. The solution that seems 
tlie moat natural extension of (1G4) is 

00 VL 

Fm{p, <j>, ^o) = + 2 2 (kp) COS —(</) — ^o) ...(IGS). 

1 m ’W 

To sum this aeries when «i = 2, we transform 'the terms for 
which n is odd by means of the equation 


Jnikp)- 

2 


(kpY 


‘ra)r( 


a-HlV 
2 ) 


f 


^ikp con a ^ 


Summing the two series separately we find that 

F» (p. <l>, <^,) = ««■* <*-*'■) +f((f> - <f>o) +f(cl>, - <!>), 


whore 


0ikp cm 0 f , 

rrJ J 8 


cos® a 4- ikp 008 ft 

2 


sin a . da 




with 


Now 


T=‘>^2kp cos 2 , 8= (e ^ — e*j 


i» ie 

e 


A = (?)' ; 


and 

hence we may write 

F3(/S,^, ...(166), 

where t = ^/2kp cos ^ (<p~ <f>o)’ 

With the aid of the function we can solve some problems 
on the diffraction of plane electromagnetic waves by a semi- 
infinite plane bounded by a straight edge. Let us consider 



84 


THE PROBLEM OF I>1FFEAC!TI0N 


the case of a totally refiecting screen*. If the t'lectrie force 
in the incident wave is paralltd to the edgt‘ of ih.e screen, the 
electric force fox* the total disturliarici* lunst viinish ov<,*r 

both faces of the Bcre(‘n and inuBt satisfy t,he ditiertaitial i‘qua« 
tion (Uhl). These conditions are fulfdle<l by taking 

i\ (p, 4>o) - Kip. 167). 

This value of also satisfies the riglit conditions at infinity. 
To prove this we must fiiul an asymptotic expri'SHton fiu' 
when p is large. 

Now when rX), we havc^ the asyinptotic expansion f 

r ... f . 1 . us ' 1 


6”*"'^ (iX. ^ — 


' & {2ir‘)'‘ 


while when t<0, j htus a isimilar asymptotic expansiim with the 


sign changed. This means that when cos 4 (^ — <f>„) > e > 0 we 
have 




a v/'j r> r«/ ” • - - - -- .... 

yzrrkp cos f (^ ~ ^^>o) 

while when cos ^((^ — <^)< €<0 there is a similar asymptotic 
exptmsion in which the first term is missing. It thus apjamrs 
that the electric force in the geometric shjulow vanishes at 
infinity to the order p~^ . 

If the magnetic force in the incidt'nt wave is jMirallel to the 
edge of the screen, the magnetic force u =» must satisfy the 

differential equation (168) and be such that ?^ = 0<iver both 

faces of the screen. The conditions are fulfilled by jaitting 

if* = F, ip, ip, (f>, - 4>,) ( KiB). 

Prof. H. M. Macdonald has shown that the solution of 
a problem concerning a perfectly abst>rbing body can be made 
to depend on the solution of two allied problernsj. '* A ptsr- 


* The incident waves sjfe supposed to com© in a direction for whioh 
^sair + ^„. An approximate solution of this problem was given by H. Poinoard, 
Aeta Mathmaika, Bd. 18, p. 297 ; Bd. 20, p. 818, 
t Bromwich’s Infinite Serim, p. 828, 

t pm. Tram. A, Vol. 212 (1012), p. 887 ; Proe. London Math. .Soc. (2). 
Vol. 12119181. 
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fectly absorbing body may be regarded as a body which is 
incapable of supporting either electric or magnetic force ; 
henc(‘, if Q is th(‘. electric current distribution on the surface 
of tlie body when it is supposed to be perfectly conducting, 
and (7 is the magnetic current distribution on the surface of 
tlio body when it is suppoKsed to be incapable of supporting 
magmatic force, the superposition of these two distributions 
gives the electric and magnetic current distributions on the 
surface of the body when it is perfectly absorbing and the 
amplittide of the incident waves is doubled.” 

Now if we suppose our screen to be incapable of supporting 
magnetic force'., tiui boundary condition is that the tangential 
component of thc'. magnetic force should vanish. When the 


dE 

electric force is parallel to the axis of z, must vanish over 
the screem. Hence 


E, = F, (p, <^, <^o) + F, (p, - (^o) (169). 


The solution for a totally absorbing screen is thus simply * 

^^«F,(p,(^,<j!>o) (170). 

Similarly, it can be shown that when the magnetic force 
is parallel to the axis of z, the solution for a perfectly 
absorbing screen is 

(171). 

Prof. Lambt has discussed the case of perpendicular incidence 
with the aid of the parabolic substitution 

f cos 9 ? = ain 

as=s^ — <if, p — + 

The curves const., 17 = const, are confocal parabolas, 77 = 0 
is the screen. A solution of Maxwell’s equations is obtained 
by writing 


...(172). 


TT 

iljg 

dE„ 


= 0 , 


Hy^O, 


du 

- — (S a 

dt dy' 


dEy 

W 


du 


where 


dhi 


’3a! ’ 

1 3% 


Hz- 

df 


...(173), 


3.'/!* 3y« c“ 3f 


.(174). 


* W. Voigt, (IlHt. Naehr. (1899), p. 1, digoussos the ease of an absorbing 


soToen. 
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THE PEOBEEM OF DIFFRACTION 


Starting with Poisson s wave-function^ % = cos | ^ ./(c^ — p)» 
let us put 


Transforming to the coonlinatt^s rj, \vv ol)tain 



Solving this partial differential etjuation by .Ltgrangc* s imR hod 
and adjusting the complementary function sothattlu* bcumtlnry 

condition ^ »() for r; « 0 is satisfied, wc* obtain 

07} 

+j/-n d^+ 

+1* i''^(ci54*y)“P ^ F(ct “• y). • .( 1 ^ fv)> 
where jPis an arbitrary function. If t.he boundary condition is 
-usaO for 7)^0thQ sign of the second term must be changtfd. 
It is easy to verify that each of the integrals n^jiresents a wave- 
function. 

Let us now put f(w ) « ^ j F' (r — v^) (h, 

'W'jo 

and make the substitution J*w<jcosa, t^»crHin«, then after 
a little reduction we find thatf 

ir_ \ 

J (o^ 4" y) — i J F [(j]^ 4“ y ““ (p 4* y) maf a] da 


+ JP[d - y - (p - y) sec® a] da 0, y i 0 j 

5 I 

u^F (c^ 4y) -4 F (ct -y) - i p F[ct 4- y - (p 4 y) Htnf a] da 

fr i 

- ‘J J JJ 

W 

1 r2 

F[ct + (p ■+ y) sec® a] d,a 

re 

1 .r > 0 


+ yV[c(-y-(p-y),oo-«]* -JJJJ 

..,,.,...(177). ' 

* Jmrml de V]^kGti Polytmfmiqm, Cah. 19» t. IJ Hii# a.Iio V 

Yoltem, Acta Math, 1. 18 ; Hintegehtl, Meduetlim ihr PatcatiniffMchutm, Clu I 
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Each of the iritcgrala reprcaeritKS a wave-function provided 
^"(±oo) = 0 and 

tan a F' [ct ± y — (p ± y) sec^aj *->0 as a — > . 

In these circumstances wc^. have the solution of the diffraction 
problem for the case when the initial disturbance is represented 
by u==^F(ct + y\ the magnetic force being parallel to the 
axis of 2, By suitably choosing F we can deal with the case 
of a solitary wave. 

A new method of solving the problem of diflxaction by 
a straight edge has been given rc^cently by Oseen^. 

Problems connected with a wedge have been treated success- 
fully by Sommorfeld and other writers by using a certain type 
of contour integi-al The fundamental solution of ( 163 ) is now 

%-v 

Ho 

where t; =« e ^ e ^ and the path of integration is a simple con- 
tour which starts from oo i 4- 7 and goes to 00 i 4- 7' without 
crossing the real axis. The quantities 7, y are subject to the 
inecpialiticB 

27 r > 7 > TT, 0 > 7' > — TT. 

This function u is multiform and of period 2^7r, but on an 
n-sheeted Biemanifs surface with the origin as branch-point 
and the lim^ 0 « - (tt — ^0) as branch-section, it is uniform. 

With tlie aid of this function a number of diffraction 
problems may be solved. 

Thus in the case of a perfectly conducting prism of angle 
27r — a if the electric force in the incident waves is parallel to 
t.he edge of the screen and is represented by the real part 
of th(3 expression 

it can bo nhown by an extonsion of tho method of images, that 
for tho tottil disturbance the electric force is the real part of 
the expression t 



* Arkiv matematikf amtrommi och/ymk (1912), 
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[CH. 


where 

w = COB - COB - ^o)» COB - 'COB ^ 4“ 

and the path of integration in tJie Hanit* an before. 

In the aBBOciattMl prol)le!n when the inagntJtic forei,,^ in 
the incident wave m parallt‘1 t.o the axin of j, the magnetic 
force for the total dinttirhama* is ilie real part- of the ex})reHHion 

I p 

I (IHO). 

Ztti J ti% 

These solutionH and the solutions of analtJgonH problems hav(» 
been diBCUSHcd by W. H, »Iaek?^im H. M. Macdonald f, F, 
ReicheJ, A. Wiegrefe§. and other writt'rs. 


§31. Elliptic coordinates ij. 

If wo put 

w « cosh m cos If sinh m sin ^ (iHl), 


the differential tHpiation (lb3) beciuneH 

g~-j + + A* (cohIi-’ h) — (‘im** ^)i/ m() ( 182 ). 

The eleinentjiry solutionH tu-o nmv of tho furm 
M S' A’ («|>) 

where A’ and J" satisfy the oquations «if thi> idli|>tio oyliudorll 


//a \ 

dl^ + (A.-“ fosh^’w + p) A'-- 0 1 
iPF i 


(IHa). 


Appropriate solutimw of those dilh'ronli.il ot|uuti*inH have been 
obtained rectintly by Prof. Whittukt-r**, 

* 'Pme. Lmukm Bluth, BVp. ‘i, Val. I |.i. Ilflll. 

t Ibid. Vol. n (HUB), ih 4I«). 
t dm. (L Pki/M. Ikl 117 (UlPij. |i. IBI. 

I md. ?al. 119 (IllPi), p. 449 . 

II II* Witei llttiA* /IriM. VtiL I (IHSS) ; llalltlian Jtmmak 8«i*. ii 

YoL 18 (1868) ; llwkmi04in Affhh (*i)* I. 14* p. 170 ; IL €. iVtoliiitrin. 

Gambr. FML Tmm. Yol 17 (189HJ* p. 41. 

IT For thii ©iprtion »im lltiiaoi, Hftmibttfh thr Kimrlf'mnktitmin ; LititlfiiiiaiiR, 
Math. Ann. BcL 82; ^diMrhr, /. Jlnili* i#., i*k^g, YiiL 81, p. M 

(1888); Mftlliioii, iMmilk's Junrmt, % VoL li (I8S8). 

'W'# Wtti.lk Cfi* »»* IlCifrtt 
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Klliptit‘, c<>or<litiatieH arc appropriat(i for the solution of 
problems (U)miec‘,te(l with the scattering of electromagnetic 
waves hy an elliptic cylinder*, 

W. Wi(^n lmHHngg(‘Hti‘(l*|- that the problem of the diffraction 
ot light througlu a straight slit in a screen J may be treated 
with the aid of elliptic coordinates by n^garding the screen as a 
limiting case, of a hypco’bolic cylinder. 

fl. VVebivr § has shown that when k^O the elliptic and 
paraliolic substitutions are the only tra-nsforniations which lead 
to (dementary solutions of th(i e<|iiation (l()8). For further 
proptulb^s of this dilFcnuitial (spiation we may refer to Pockels, 
llher (lie pitrtulle l)ijftimttJAil</leiohun(j -f- = 0, Teubner, 
Liupzig ( 1891 ), and to Ijord Rayleighs Theory of i^ound, 

§ 92. Othar diffiraction problems. 

Th(‘ <liffraetion of light and electric waves by a grating of 
wires is a problem of importance, but the mathematical treat- 
ment is very difficult and the theories that have been given so 
far are of an a|)proximate character. Sir J. J. Thom8on|| has 
<HscttsscHl the theory of Herd's gmtingH which consists of 
a number of pamlltd (^piidistant metal wires. When electric 
wavt3H whose wave-length is large compared with the distance 
between tlie winm fall normally on the grating, they pass 
through if the eh^etrio force is at right angles to the wires but 
are reflected if the electric force is parallel to the wires. Prof, 
liiimb ** has considered the cuiuse of a grating which consists of 
parallel strips of metal ; his theory has been supported by the 

Btifi, for itwlwteo, K. Alohi, Pmc. Tokyo Math, Phys, Soc, (2), 4, p. 266 
(imm ) ; II. Biegor, Ann, d, Phy»ik (4), Bd. 27 (.190B), p. 626. 

t JahrmherirM d, dmitich. Math, Vmin^ Bd. 16 (1906), p, 42, 

% For thii problem mm K. HchwariKsohild, km, dt , ; Lord Ra-ylaigh, Phil, 
May, Vol. 4S (1897), p. 269 ; Hdmtijk Papen, VoL 4, p, 2BB ; Ptm, Boy, Soc, 
A, Vol. 89 (ItlS), p. 194. An interesting axpurlmontal result has been obtained 
riioitntly by F, Amsterdam Proc,^ Nov. 28 (1912), p. 699. 

§ JIfiif/i. Ann, Bd. 1 . Bm dm} IMtitmohoU liediwtumder Potmtialylmchuriffr 
p. IS7. 

I! Mmmi Mmmrchm (1H9B), p. 426, 

II (kdketed IForAi, Vol. 2, p, 190. For some reoont experimental work see 
IL du lloliiyMl H. Eulmns, Ann, d, Phys. Bd. 86 (1911), p. 248; A. D. Cole, 
Phy$, mdew, Jan. (191B). 

Prm, Lomlon Math, Soc, Ber. 1, VoL 29 (1S9B), p. 628. 
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experinK'ntal work of (,^1. Soh{U‘tt‘r*, J. I.ian,i(witz*, arul (k II. 
1^1101118011 f . 

Lord Rayloig'hJ: hnn givtai an ajiproxiniali* tlooiromagtuvtic 
tlic^ory of tlio action of a grating on waves of light and thia 
tluHiry huH boon oxtcaidod by W. Voigt | h<i as to take. Into 
account the propt'rtic^s of the mattudal of wdiich tht‘ grating 
m miule. Voigt's theory has beiui tented experimentally by 
B. Poganyll who gives an account of prt*viouH i^xperiniental 
work on the Hubject. 

The diffraction of light through a circular hole in a HcrcHin 
is a problem of interest U> luathiunaticianH whicdi has yt^,t to be 
sol vac! f, A {irorniHing nu^tliod of atta{*k in to rc*gard the screen 
as the limiting case of a hyperbohd<l of nwolution i>f oru* sheet. 


X. 


JM 


Previn that 

/a-e\^ 






y ry 

/ J -<*! s/r 


C tir 




% If ^ 4* a cosh («*» + i »/ «* , 




A 1*4 


i!S C^) 

*i a 




where the Humnuition i^xtcndn ovtn* all twen integral Viilueaof « if f is even 
and over all cKld int 4 !gral values of n if %» is mid, 

(J, H. HarUamiein, OVa^rrlV drc/nV (2X t. 14, p. 170.) 


§32a. The introduction and elimination of discontinuities. 

Wavc-functioiiH with Hingulur Hnen tir wdtii KiiigularitieH 
travelling along ntraight lirn*H vvitli th*'* vidocity of light may 
Hornetinic'H Ik* tunployed witdi advnntagf^ in solution of 
dif!ractii>n prohlenm. To iiluHtrat.e the intdhod t-n lai adoptiHl 
wc nhall conHidi*r the diffraction of waves of Hound by an 

* Atm, t'L Ph^$» lid. *JI (mnn), p. 5H7, The theory in frcittta mw 

point of view hy 0. Behiy'fer and F, lieiehis Md. lid. U {lillCK p. ^77 ; Ihi M 
(leil), p. HIT. 

t /Mil. ¥oL n {mc)7). p, mm, 

t Prm. iMf, Sm A, Vol. 79 (1907}, p. 

I mm, Nmhr. (Wll). ll Amu d, Phyf, lid. lit (lilSg p. Ml. 

H Approximate «>liitiemM liave Inaai given by Cl. Cl. Haikeii, Hmmln Phil* 
Tram, (lS4i)| H, lAirini, Fitkmh, Hd$k, Hkr,, Ckipmliageii jiatCI) ; fl. A. 
Ilowlwid, dmr, Jaam, ?oL fl ; A, Orimpm. Pm, Kiel ; 4*1, li 
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infinitt'ly thin si'mi-iMfuiitc! phine boiuKlcKl hy a straight edge*. 
W(‘ slnill suppose that tlu^, wave's a.re seait out from a stationary 
sotiree and that t.lu'. screeai acts as a peafi'ct reflectorf. 

!j(‘t tin* axis of z 1k«' tak(*n along the* edge*, of the screen and 
th(‘ axis of m in Ihn j)lan(i of tin*, screeiu at right angles to the 
t‘dge‘. Lf*t P bt* tlu‘ source of sound and Q an arbitrary point 
on tlu‘ edgi‘ of t.he sereem If the disturbance issuing from P 
were ndleetfod a(*eording to the laws of geometrical optics, the 
total diHtttirl)anec^ would lx* discontinuous in crossing two semi- 
infmiU' platu's, (‘ach of which is boundcxl by the edge of the 
sert'en. The first of tht'S(^ plain's is a boundary of the geometrical 
slunlow, when contimuHl across the edge of the screen it passes 
through P. The. Si'cond plane is the bournlary of the geometrical 
shadow for the optical image of viz. P^. 

To <d)tain tht% correct solution of the diffraction problem we 
must add to the? disturbance just described a second one having 
disc^ontinuities which will annul the above-mentioned dis- 
continuities, the tn?w disturbance must also be chosen so that 
the btiundary condition is satisfied at the two faces of the 
HcnMUL We shall now show that the required disturbance can 
bt' built up by HuperjK^Bition from elementary disturbances 
with singularities along lines stich as PQ and PiQ produced. 

R be the disttance of an arbitrary point (x, y, z, t) 
from Q, then if (0, 0, f) are the coordinates of Q and c is the 
vt'locity sotmd, wn know that a function of type 

Jt-'V c' z-f+Rj 

Hiitisfies the wave-e<juation. L<:?t us choose the arbitrary function 
/in such a way that the expression becomes infinite along the 
line? PQ produced and returns to its initial value when the 
point m, y, s is rotated twice round the edge of the screen. 
This last condition is added so m to enable us to satisfy the 
boundary condition. 

* Tliln preblim htwi been roIvihI by H, B. Oarilaw, .Proc, London Math. Soc. 
Vol. 80 (1.S9H), |), 131. k transformation of bin Holntion BOggeated the method 
dfiiorlbcHl here. 

t This iPiKtimption in uiually juatiOabl©. In A. 0. Wibster’s experi- 
monte on the redfiotion of son nd from the ground {Phyu, UenieWf VoL 28 (1909) » 
n. ore it wtiM found tiiat the reioction is more than 90 
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THE PROBLEM OF DIB'FRACTION 


[oil 


Now if we write 

where u and (f> are real and us(‘ to denote 

the valuoH of R, u, ^ for tlu‘ point. I\ it in c‘a.sy to .s(‘e tliat the 
function 

K c ) ^ ^ I 

aatiafios tlu^ rtKiuinuntuitB, for it is ptu*iodi(* in (p with pvu-iod 
4f7r and is infinite alon^ PQ prodiuaah whtu’t* 

U- — Ro, ^ — ^n + TT. 

We now imagine sourct‘H corrt‘Hponding to wavi*»fnnctit)nH of 
this type to he associated with (^ach tdenumt of t.he 
and suppose the strength and phasi^ of tin* source at Q to 
depend on its position relative to I* in such a way tliat 



M + 

oFii/[ 

, — j 


where f(t) is the strength of the souree at P at time L 
In this way we ohtoin an integral 

- i J .. i{iK‘ “') »* 1 w - C' + ».)]. 

which will be shown to be dimmtinnouH in tht^ way retpured 
as the point (», t/, z) crosses the boundary of the shallow for P. 
In a similar way we can construct an integral 

- il/. . - - 1. 4 W +*•-•■<“ + ".'I. 

which can be shown to bt^ discontinuous in tlm way recpartMl as 
the point y, z) crossi^s tlu^ boundary id the geonietrical 
shadow for iV 

Now k‘.t r, Vi be the distariees of the {Munt a\ //» z re«{M3etivelj 
from F and Pj, tlien tlu^ velocity |M>tential F of the totol 
disturbance is given by tln^ tVjllowing eipn^ssitais in lliti different 
regions of space 

ir^ w ^ xr 


in r p iiiiv u tuiN u Jt< «U U iN iJ WAV EfcS 


^ J 




Th(' npuc(‘ A', iw bounded by fclu( Hcreen and the limiting 
piano of t.hi' geomotrical alnwlow for I\, S.^ is bounded by the 
limiting pianos of the shatlows for P and P,, is bounded 
by tlui senaui and tho limiting plane of the shadow for P. 

dV 

Tlu> bomalary comlition is that. should be zero over the 

dip 


two faces of f.he screen and it is easy to verify that this 
condition is satisfied. 'I'o show that V is continuous for the 
whohs of tin' spact'. outrsidti tho screen and vanishes at infinity 
whtm the fuiu!tion / is finite, we shall transform the integrals 
Vt, Ps to tlu! forms giv(»n by Prof. Garslaw. To do this we put 
a + =“ h, then if p is the <liHtance of a point from the axis 

<if s, vfo have 


^+ R, /5o«“* = i'o - S’ + Po. 

- p* + (^ - t)^ - p,» + (5o - 

pe-'^ sp ^ 4- f, = Po — ■^o + ?. 

ppt cosh (a + It)) * - S’) (^0 - 0 + ^^ 0 ) 

pi 4 pi + + 2ppn cosh (w 4 ?io) *= (P + Po)’, 

db »• du + duo . 

Hence it follows that 


I r 

47rJ. 


f^t - sec - <^0 + ib). 


db .P + P»\ 

P + p/l* T 

On substituting tho expression for P f Po in terms of b we 
obtain an integral which is oquivakuit to the one given by 
Prof. Oarslaw. To sec that it is discontinuous* we use F+ and FL 
to denote the values of tho integral for (j> <= it + <f>t + e and 
^ 3ti TT 4 e respectively, where e is a small quantity. The 
difference bt^tweon those quantities may be regarded as a 
contour integml and can be evaluated by Cauchy’s theorem 
We may write 

V F - ^ f fit ® + 

Taking the nssidue for f = 

* A more careful proof Is given in Prof. Carslaw’s paper. 


coaec if. 

0, i.e. <f>i^ir + <j)„,b = 0,'WQ get 
P + Po\ 
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TUM PROBLEM OF DIFFRACTIOX 


OIL V 


for coaditioBs — h — 0 imply that ilio ra(Hi 

li and Ho an^ in oiui straight line and so give r wlien addtHl 
t<)g(4)hor. 

it is now (dear tluit tlu‘ inti»gral Tj {)OHsess(*H llw right typcj 
of (liHcontinnity and a similar rmnark holds for the* inU‘gral Kj. 
Tlu* method can no doubt bt* modified so as to giv(‘ Holutions of 
othm* types of diffraeddon problems^ the clut‘f dilliculty arim's 
in th(‘ choice of a function whi(rh will satisfy tlic^ Inumdary 
conditions. At any rate the im*thod HUggt*HtH an intmi^sting 
typii of boundary probliun in wdiich tln‘ dt^sirtsl waive-dimctions 
hav<‘ Hpecih<‘d diHContinuiti(‘H insi(*ad of being continmaiH 
eviTywhtvre. This type of probhun ought to In^ studied mon^ 
C()mpltdi(dy* 

In the general })roblem of tln^ ditlVaciitm round a moving 
object of the waves issuing from a moving sourci\ the wave- 
functicaiH that are derived by the iiHdiuHls of g(‘ometrical optics 
have discontinuitieH at a cesrtain bcaindary whiidi is tlie locus of 
points travidling along straiglvt lines with the vidoeity of light. 

The jKvints in (juestion start from certain |Kunts of the 
moving object and move along tangents to the surface of the 
object, their paths Ixung in fact continuations of the patlis of 
particles that may be considemd to have been emitted from the 
source. Indeed, if we imagine tlie source to emit particlc^s in, 
all directions as it moves about, the particles whicii just grasse 
the moving object will, when they continiu^ their rectilinear 
motion with the velocity of light, form the boundary at which 
the discontinuities arist?. 

In Chapter vin we shall obtain a class tif wave-fiinctions 
with singulariti(« moving along straight limm with the velocutj 
of light. These futietions umm to be just the ones that are 
required for the building up of wavmfunctions with dis- 
continuities of the type just described. The problem of forming 
in this way the functions which will enable im to complete the 
solution of the diffmetion problem is one which awaits nolutiom 



CHAPTER VI 


TRANSFORMATIONS OF COORDINATES APPROPRIATE FOR 
THE TREATMENT OF PROBLEMS CONNECTED WITH A 
. SURFACE OF REVOLUTION 


§ .‘)3. Spheroidal coordinates. 

Problems in which there is symmetry round the axis of z 
can often be treated with the aid of a substitution of the form* 


p + iz =f(a + f/3) (184). 

Taking a, /9, <j> a.s orthogonal coordinates, we have 


(fa" + d-f + dz-^ = (da^ + d/S”) • -(185), 


and equations (18) of § 8 become 



=± fciif. 


= ± kM^ “ 

[a (>») -!&"•)' 

= ± Ail/* 


II 


when? 


a («,_ 

a (p, 4 


(186), 


* This substitution has bean used in other branches of mathematical 
physics by 0. Neumann, TJieone der ElektricitUU- wid WUrme-Vertheilung in 
dmm JUnge (1804) ; E, Mathieu, C(mn de physique matMmatique (1878) ; 
A. Wangtsrin, Btrlimr Monatsberichte (1878) ; Hantesehel, Reduction der 
Potmtialgleichung ; Michell, Mess, of Math, (1890) ; Basset, MydrodynumieSf 
Vol. 2, p. B; F. H. Bafford, Amer, t/ourn, Voh 21; ArcMv der Math, Bd. 18 
(1908), p. 22. The important developments on which the following analysis is 
founded are contained in papers to whioh w© shall refer presently. 



These equations iruiy he satisfied l)y imtting 

,, Jda ,, J?il w . - 5 - 

where D, = U ± iV is a solution of the jHirtial 
equation 

I /dp dll dpdn\ . 


f fi ...(IH7), 

^ P 

tliiferential 


wi m _ 

0a“ ^ p 


+ ",11 = 0 ...flHH). 


I \0a (ta ' dfSdfi i 
The problem of finding the periods of free <‘l<‘ctrical oscilla- 
tions on a conducting spheroid is of considendde interest 
because a straight rod of circular cross-si!etion can he ri'gnrded 
as approximately equivalent to a prolate spheroid whose major 
axis is relatively much longer than th<‘ miimr axis. This 
problem has been treated very fully by M. Abraham*, 
R. C. Maelanrinf, M. Brillouini, F. Ehrmihaft§ and J. W. 
Nicholson ||. The effect of a sphiu’oidal obstaude on a tmin of 
waves has been studieil by K. F. Herzfeldlj. 

For prolate spheroids the appropriate sulwtitution is** 

z + tp^*‘a co.sh (a + i0) ( 

or p = asinh asin/9, x = a cosh a cos /S, 

o / (ct>sh® a ~ eos" 0) 

The partial differential equation is now 


.(190). 


8»ii 

aa» 


■ coth a 


aa 


0« 


■ cot 0 


aa 


d0 


■ (cosh’ « ■ 


"COH»4J)a 
(191), 

and there are elementary solutions of the- form 11 A (a) li {0) 
where A and li satisfy t.he diffenuitial «>quationH 




coth a ™ cosh''' a + X) A =* 0 


<PB 

w 


■ cot /8 + (X 4- cos* 0) 0 


...(192). 


* IHturtatiim, Btirlln (1S97) ; Ann. H. I'him. Dd, WS (IH9H), p. 485 ; Math. 
^nit. Bd. 82 (1899), p. 81. 

t CanArr, Phil. Trans. Vol, 17 (1898-9), pp. 41.--108. 

J Propagalitm de Vf.ketHcitf. (1904), Cli. vj. 

§ Wiener Jlerkhtf (1904), p. 278. 

II Phil. Mag. (1906). 11 W'<t>ncr Itrrirhtr (1911), p. 1887. 

** Of, Heln«, Crelk, Bd. 26 (1848). p. IBS j Kugrl/mtktimim. Bd. 2. g 8« : 
Lamb’s Hydroiynamiet, p. 182. 


These equations are discussed in some detail in the papers 
to which we have just referred, they may be reduced to a special 
form of an e<|uation obtained by Prof. C, Niven ^ in a study of 
the conduction of heat in ellipsoids of revolution. 

For oblate spheroids the appropriate substitution is 

p a cosh (a + i/3) (193), 

giving p = a cosh a cos /3, ^ = a sinh a sin /3, 

== (cosh’-^ a ~ cos^ /9). 

0(a, /3) 

The surfaces /9 = const, are now hyperboloids of one sheet, 
the surface /3 = 0 can be regarded as the surfixce of a screen 
which is pierced by a circular hole of radius a. 

The partial ditferential equation for flt is now 

“■ ^ ^ d" ^ (sinh-* OL + siu^ /3) fi = 0, 

atid there are elementary solutions of the form fi = -d (a) jB (yS) 
where 

- tanh a . ^ -t- (X + 8 inh“ a) ^ = 0 

+(«’‘*^8in“^-X) B = 0 

When ii is independent of t, k = 0 and the elementary 
solutions are of the form 

fl »/ Fn (S) d^fPn (v) dv, f “ cosh a, 9 / = cos ^ . .(195) 

for prolate spheroids, and of the form 

li =« / Fn (^) df f Fn (jj) dt), f =» »■ sinh a, 17 = sin jS. . .(196) 

for oblate spheroids. In either of these solutions a function P„ 
can be replaced by Qn- The corresponding solutions of Laplace’s 
iMjuation are of the type 

F- {AFn (0 + mn (0] iGl\{r,) + PQ» (’?)]• -(l^O, 
where A, B,0, D are arbitrary constants. 



B. 


Phil. Tram. (1880), p. 138. 
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SPHEROIDAL U001ii>JNA'rKJS 


IK iu 


Examplm. 1. Prove that 
[(cosh a cow jS — COH 7)^ + winh- a wiu^ li\ * ^ 

I X 1 ) Vh (<HWh tl) Fn 1^) y)- 

(Cl Ninuuauu.) 

% Provo that a function // (^) vviiioh watiwfHw the clifloriuiiial equation 
(lOS) and in zero for ^»c0, in a wtduiion of the liouKigotuHiUH integral 
equation 

where p iw determined l)y tlio condition that the integral equation .slmuld 
pOBwewH a oontinuouw wolution which iw imt identically zero. 

(^I. Ahraham.) 

3. If A (a) be defined by the wination 
J <» 

it sfitis'fies the differential eqimtiiai (Ihi). A mx’oml Moluticiri of thia 
oqtiation is given by 

and is suitable for the rsprtwotitation of divoi^nt wavos. 

• (M. Almiham.) 


§ 34. Paraboloidal coordinates. 

If we write 


s + ip = (<*0 + i/Su)®, Ofl® SB — 0 ^^ SB 0 

so that the transformation is 

z^-a~0, p^2^~a0 (198), 

the differential equation (143) becomes* 


d^W^, . 


3^ ■ 


dw 

{rn + l) -{a- 0 ) 


Id^W 


^0, 


and ie satisfied byf 

W^A{a)JBi0)0^^K 

* Of. H. J. Shaipe, Quarterly Jminmlt Vol. lH (187S) ; Prm% Camh, Phil, 
Soc, ?oL 10 (1890), p. 101; VoL IS (1905), p. ISS; Voh U (IW), p. 190; 
H. Lamb, Pfoc. Londm Math, Hoe* Bar. 2, VoL 4 (1907), p. 190. 

t The existence of ekmenterj solutions for the parabololil ami certain 
other aurfftoes ia ©ateWlshed in BOchcr’i Die MdhmmktwhkrMnffin der Potential 
theorie. See the table on pp. 2M-7. 
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.(199), 


if a H-(m + 1) — (A — ^ = O) 

+ ^ > ^ ® 

wh(nx‘. h is arbitrary. 

Putting 2'^lv/. == ^7l^ (m + 1) — A we find that the differential 
e<|uationH arc satisfied by putting 

A = {2ikal B - (2^7c/3), 

where i'w"(*v) satisfies the differential equation^ 

s “ + (m + 1 — ,9) ^ + nF= 0 (200). 

When n is a positive integer, one solution of this equation 
is furnished by Sonin's polynomial f which may be 

defitied with the aid of the expansion 

(1 4. := V 4. n -f 1) ^^‘r,>,'^^09)...(201). 

w.=0 

A few properties of this function are given here for the sake 
of rcifenuKH‘.. 




r (m -f n + 1) \7i r {7)h 4- n) 1 7i — J. j 1 


1'’ (m + n — 1) I — 2 1 2 


P 00 

e-"''s’'‘2V‘(«)2’,/(s)a!.s--0 


v^n 


r (n + i) I’ (wi + n + i) 


...( 202 ), 


...(203), 


rn 


d» 


ds>‘ 


„2V‘(«)=2’:;:('*) 




.(204), 

.(20,5), 


^ Tliin m a «ligia rnodiacation of Weiler’s canonical form for an eciuation of 
LaplaatdB type, CrelU^s Journal^ B<L 51 (1856), p. 105. The oqmaion is discussed 
for real valucg of m and n by 0. Bahl^)miloh,i/5/M'fr^i/^naf|/«iK, Bd. 2 (1B74), p. 517. 

t Math, Ann. Bd. 16. Further propartica of the function are given by 
L. Chsgenbauer, UTra. Ihr. (1BB7), p. 274, who provoB that the roots of the equation 
7',,/* (n) 5? 0, ooiiHidered aH an equation of the wth degree in h, are all real, 
poBitlve and unequal. Thia ia a general irtatit)n of the result obtoined by 
Lagutrrre for the case m^O. k geometrical proof has been given by Bocher, 
Pnw. 0 / Urn Anmr. dead, of AHn and VoL 40 (1904). 
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SONIN’h I*()I,YN’<)MIAI..S 


W“r(m + )(+ I) !'(«+ 


..( 200 ), 


2«” (s) rrJi (« r<W^ f) Hin» .(207). 

Equatioiiia (201), (202) and ( 203 ) wvtv givi»ii by Ahvl* imd 
Mnrphyf for tho eaao m — 0: tbo |inlyntantal in tlioii oquivabnii 
to th(3 polynomial of Tc!ud)ycludfJ: anrl biguorn^l wliirh 
in tho theory of interpolation ami alno in tin* thoory uf eontinued 
fractiona. When m«±|, the ptdyntnnial van 1h‘ t^KprenHod in 
tcrma of the polynomial f4^(*r) !iy "rehebyeheff |j and 

HcrmitelT, or in tonna of tht> fimeti<m tif the paralndie eylimler, 
discuaaed by Weber^^, Whittakerff and othtn*H**. 

The above analyaia irniicatoH thc^ oxiBienet* i>f a wave^fimetion 
of the form 

f,^«(2a‘a) 7\^ itikfi) p^^*' ...(208). 


This function am be exproKHed m m\ inti*gnd of the f<inn 
used in § 6, we have in fact the e<|uatian 

{kprTn;-(ma)i\^{2m 

- Sf (ii in + 1) /. [- “■ (P “» ■>- + •■*>) « ■- 

(209), 

from which the requinHl representation can bi3 innnediatidy 
derived. In this fonnula m is either zero or a positive int« 3 ger. 
The convergence of a series of terms of ty{K*. (20H) in which 


' Mimoires de matMnmtiqm par N. H. AWl, Paris (1836) ; (kuptm^ %k)w 
and Lie, t. 2. 

t Oamhr. Phil. Tram. (18B8). 

X Mim. di PAcad. de Ht PStmlnmrff (IS0O). 

I Bull. delaBoc. math. d$ P'ranm, %. 7 (IS73); (hmm$ tk Lmmrrr, t. I, 
p. 428. 

II Im. e.U. Seo also Btunn, LitmtdlWn Amtrnml^ Vnl. 1. 

H’ Compm Mmdm, t m (1864), p. 3S. The Hirmil© funelkmi hmm bucin 
generadised by Our^ian, Proc. Lmdm Math. Bar. VoL IS (1014), p. 417. Tli# 
generalised funoMons ars intimately eonneoted with tbi fiinelloni enasidtritd liert. 

Math. Am. Bd. 1 (1869), p. 1. 

tt Prm. Lmdm Math. Sac. Bar. 1, VoL SB {190S), p, 417. 
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n takes different integral values can be partially discussed with 
the aid of the equation 


Tm"' (w) ^ (— w) 

1 

_r(« + i) r(TO+i) 

n (n 


1 + 


n (m -f n + 1) 


1 (m+ l)^(m+ 2) 
1) (m 4- n -h 1) (m + ^ + 2) 




.( 210 ), 


which shows that the modulus of Tm^(ix) increases with x, 
H(Uico if a scries of terms of type (208) converges absolutely 
for any given value of a, it converges absolutely for all smaller 
values of a. 

For a fuller discussion of the convergence it would be useful 
to have an asymptotic expression for 2\n^(s) when n is large. 
Suitable asymptotic expressions have already been found for 
the ca<Be m = ± ^ by Adamoff and Watson. 

The differential equation (200) has been studied for general 
values of m and n by Pochhammer*, Jacobstahlf, Whittaker J 
and BarnoB§. It usually possesses two distinct solutions which 
can be expanded in power series converging for all finite values 
of s. If, however, m and n are positive integers, there is only 
one solution which can be represented by a convergent power 
series in s, the other may be defined by the equation 

(«) - p e* e— <r« (« - . .(211): 

it contains a logarithmic term. For negative integral values of 
n we may adopt the definition 

(212). 


It should be noticed that when |a| is large, U^(2ika.) has 
an asymptotic expansion of which the first term is 

(2iA;a)“’'‘''^*e**K 
The solutions of type 

grt ±iM XI, » (2iha) {2ikfi) 


* Math. Ann. Vol. 80, p. 84 ; VoU 46, p. 684. 

t BilU, Amr, Math, Bae, (1904). 

I Cambf, BhiL Tfan$. Vol. 20 (1906), p. 258. 


t IbU, Vol. 56, p. 129. 
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nmins pi)LVK<mL\LH 




are cornequciitly Bui tables wluai a in largt* for t-ho ri*|iri*mait4it.itiii 
of wavers diverging in iiifuiity in the ponitivt* direiiitm of the 
axin of 

It may Ih^ worth while* to luentiein here that tlit' funelltniH 
Hiitisfy (h^genbutuTB tlitieriiiee iHjuatieam 

w * (‘''O ll (^’) + ^\h 1 1 1*'*’ ) I 

+ F:‘'* (4 + F,! " C«) - (I i 

(a 1) jc* w « 4* 1 )i ^ f::i I 

......(2i:it 

The fuBctioni Um^^{^) alno Hatinfum an iH|uiition iinalogoiiH to 
(204). 

I 35. Relations between different solntions. 

Many useful fornuilae may be obtairuHl by exjuualing knowri 
wave-functions in series of ekutuuibiry wave-fiinetionH of type 
(208) and by identifying our aleiiuuitary wavedunetions with 
certain definite integrals which art^ known to rt»pri»s«uiit wave- 
functions, For instonce, have the «‘X,parmitin i tan | i < I 
^ikz mu jr ^ 

-(^fcptan ^j e’^f«5C*“- S: (- 1)" » ! (m + ») ! 

X tan*" 2 T,„^ (2*«) 7V‘ {2im (‘> J 4) 


which enahlos uh to rojtreHont a plains wav«s witli tht* aid of 
a double HCsrioH of solutiotiH of the fitrm (:1()K). 


Further idesutitios may bts obtaimsd by dtsriving wavts- 
functions from Cunningham’s HoiutioiiK* (»f this otjuatioiw 
9 m 9*m flit ii^it . 

dr di^ ’ dr da^ dif 

The first equation |X)hs(si«(sh the •polymmmd HoluUom 
u?*\ 

Mri;;* 






.(2l«) 


♦ Proc. Moy. 8oe. Ser. A. V®1. 81 (1908), p. 810. 8«» iUm> Wws, IitbiKlisff. 
JHn. Omingen (1906) ; ilfatfe. Ann. (1907). Th« flnil muit i* by App«ll. 
LiomiUt't JowntU, 8«r. 4. t. 8 <1M21. u. 187. 
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and also the solutions 


‘ ifc)- 




The scs(;onil e«niation possesses the polynomial solutions of 


T" |0'" 7',/ «in m (<)!)- «/>,,) (218) 

and also the solutions of type 

pin, g~.tr ^ giu ...(219). 

Wave-funetions may be derived from these solutions by the 
method of § 13. 

W(! add here a fea' relations which are obtained by ex- 
pressing the solutions thus formed in terms of old solutions. 

fn [^ + r,~2 V^T? cos m] 


t (- 1)'* r {m + n + 1) p (f) (v) e^. . .(220), 


(1-X)" 




.( 221 ), 




(— I )” r 
*" I’’ (m 4 - a + I ) a ! J 0 
2«+'X,»»‘+“if„ (\p) 


e"^*^ ./m (V) X“‘+“+i dX (222), 


r (a + 1 ) r (a + ra + 1) e 7’«» ( f; 1 dr 


.(223). 


The proofs of these are left to the reader. 

Prof. (}. 1). Birkhoff has retnarked to me that the differential 
C(|uation (200) can be regarded as a limiting case of the hyper- 
geometric e<iuation when two of the singularities coincide at 
infinity*, conse.fpiently many properties of the solutions can 
be derived from known proi)crti(!S of hypergeomotric functionaf. 
It should be notiecsd that when W is independent of t there 


^ Cf. Bdobcir, Die lltihenmtwickdunuen der l^itentiaUheoru, p. 187. 
t Tlfm matbod wan uned in a particular ease by Kummer, Crellds Journal^ 
m. U (IBSeb u, 188. 
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aru (‘.lotacntary aolutioim of ('(juation (14:1) of tho form If — xiB 
where 

_ J,,, ( 2 / v'Aa) ^ ( 2 / % ) 

^ “ ( 2 tV/(ar ’ ( 2 tv 7 )^r 

Wo thus obtain oloim'ntjiry .solutioiiH of biplaoo's winatiou 
of tho form 

(X Va) Jm (X V/S) ooH w ~ <^„) (2*24), 

whore m, X, anj arbitrary |MU-auu!terH. 


§ 86. Toroidal coordinates. 

If we put 

te — p COB (p, y^Btp sin r ^ cosh a>, ct »» f .sinii «. . .(225 ), 

, <r — i'k 

p + tfsErtCoth , 


(tainhor 

^ ”'cohE*o^coh>^’ ® cosh O' “ cos •(fr 

the wave-equation becoinoB 


...(226), 


.1 

d<r 


sinh <r ain 3«[ d f Hin hersia'^ i)a| 

(coiir^^cas ’i/f)* 3<r) ((coah a - cos 6>/r) 

ain 3’/t sinh <r ePu 

ainh <r (cosh <r — coa 9^* sin yf (cosh o- — cos ■^^y‘ dm* 


This is satisfied by 

UB*F(<r)0 (‘^) (coah o- — cos a**" cos m ~ . .(228) 

m* 


•£ 1. d / . , dF\ 

if cosech er ^ f smh cr 

d / . . da\ 


coaec yfr 


d'^ 


^siri ^ 


dfj 




I F- 0 ' 


^’-0 
(229). 


Hence we obtain wave-functions of the fonn 

(cosh or — cos (cosh cr) iV {cm «**“ cos m (^ — ^,) 

(280). 


Other solutiona of the wavo-eejuation may bo obtained by 
replacing the functions P^J^, iV by Qn”*, Qn- 

Many useful formulae may Ks obtainwi by oxpivnding 
■narticular wave-functions in series of wave-functions of tvno 
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(2.‘({)). Tho expansion of unity, for instance, gives rise to 
N euinaim’s ox pansion 

o..h . - t - <“* <') t) -.(asi). 

It Hhoiild bo noticed that when we make the substitution 
(225) the wavc-cujuation becomes 

a- ^ _L ^ _L. ^ ^ ^ -» A /9Q9\ • 

dp^ pdp 0^ 0^ f 00)^ 

it thus poHsoases elementary solutions of the forms 

Kp (\^) J^n, (V) ^f>) (233), 

Jp (iX^) Jni (Xp) cos m(^-'(})Q) (234). 

The expression of solutions of type (230) in terms of the 
solutions just found leads to some interesting identities. Thus 
we have the eejuation 

J^Kj, (XO Jin. (V) Jfi (^») W’+“-’‘+* dx 

^ LC^ t ^ ^ 

r(n + l) 


X (c««h or - cos (cos f ) P'+„_« (cosh (t) 

ju> — 1, m> — 1, p + m> — 1 (235). 

Many important fonnulao connocted with Bessol functions 
tiro simply particular cases of this one*. It should be retnem- 
bored that 

(236). 

The corresponding integral in which Kp (X^) is replaced by 
(Xf ) can also be evahiated in terms of Legendre functions, 
but the formulae are more complicated. The case — m is 
discussed by Macdonald f. 

It should be noticed that if we write 


cosh (a - «) »! % cot COB (/3 — <)E>) « coth a 

sinh (a ~ m) » i cosec sin (i9 — <j(>) « ± i cosech <r 

three relations of type 

0(a, ^)^ ^0(a,/3) 

0(^,y) ‘"^C0(2:,O 


...(237), 

....(238) 


H©©, for instance, the formultb© given by H. M. Macdonald, Broc, Lmtdm 
Math. Hoc. Bir. 2, VoL 7, p. 147, and by the author, iUd, Tol. 12, AlMracU. 



'roEc >u> A L < H X ntm s atkh 


are Hatinfied and ho the funetiens a, 0 van be iihih! tu ubtain 
an electroiuagiU‘tic lit‘!d by the meilitHl ef § o. It is t*asy 
to verily that th(‘ fuiu*tion 

u = (tuKsli cr — voH /i ) ) 

satiHtieB the wiwe-etjtiatitany* being an arbitrary fimetitai. 

W(‘. add hen^ a fi‘W fernmlat^ for leonh crK (ecwh tj ) ; 
theses and other fonnidae will be ibnnd in tiie iiunuoirs of 
Dr Hobnoti and Dr Barnen to which wt* have aln‘ady nderred. 


iV^ (CObIi <j) s 




?n a 4- 1 ; 1 




X m, I 4* n - m ; 1 


r(/a 4 w 4 1 ) 


(coah <7) « (-»- ir ■ ( i 

1 "1 -I ) 

X F fm 4 |i « 4 w 4* 1 ; «■ + |» a* > 0. 

'Various asymptotic eximiiHionH for them.* funetiona are givim 
by the authora just named ami by Dr NtdadHon*. 

It should b<% mentioned thitt the HohitiouH o{ the wave*- 
equation that have just been obbumH! im* not directly uhi4’u 1 
for the treatment of the botmdary prolihanH id iiiathetnatacal 
physics. They may, liowiWi‘.r. be umKl io construct umdu.! 
solutions of the. etjuation Aa4^®asw0 by meimM (d* va^rious 
artifices. If, for instance, Wi* multiply ouo t»f our wave-func- 
tions by and integnrte with reganl to I Initween 2 ant.! , 
the resulting function will often Is* a milutiiin of An 4 » 0. 

This may be illustrated by taking tlm wave-funetioii 
u « /o {iH) (kp)ooH m 
and us.ing the formuk 

fm 

J„ (X VcV - 1 ») dt^ ,, t>'h? 






X>>V 
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Tlvt' it>t.<(f(rn.U<)ii can Ix'- linkcn between other limits in 
certain (%'W(‘h; for instance!, tlie int(!gral 

^ np_„|= 7 1(P + a)" + - c'-'f-’l ~ (p - a)“} 

(241) 

n^|)rt‘8oniH ihn Holiiiioifi of = 0 correHponding to a 

eireular ring of HourcoH. In thin cano our wave-function u 
in a coriHtant inultiplt* of conh o* — coh ' x/r. 

Tlu^ tluHuy of (‘liKitrical oHcillatiotiH ot\ a conducting anchor 
ring haB Ihhui tn^atiHl by U. C. Pocklington*, W. McF. Orrf 
and liord HayloighJ, without the uhc of toroidal coordinates; 
the rt^ults arts of (joursi*, only approximate. 


I 37. Solutions of Laplace’s equation. 

If we put 


a Binh a 


^ * cosh <T cos ' 


Z aa 


a sin ‘yjr 


cosli cr — COB 


...(242), 


the angle may be interpreted as the angle which two fixed 
|K)intH A, B whoso coordinates are z — />=a±a, subtend at 

PA 

a {Kant P (p,z); the quantity <r may be interpreted as log . 


The surfaces •yjr « const, are sphcrijs having a real circle (p = a, 
M * 0) in common, the Hurfiiccs cr ^ const, are anchor rings. 

If wij nsc the toroidal coordinates cr, <j(), Laplace's equation 
bceomtis| 


Am 



sinh o* 0 a' 
^eosh cr — cos ^ Bo-) 


4“ 


0 f sinher 0a] 
(cosh cr — cos 0^) 


A 


1 


0% 


sinh o* (cosh cr — cos d4>^ 


» Pme. Oamh. Phil hUm, Vol 9 (1897), p, 824. 

+ PML Mtfff, Vol 6 (1908) » p. 667. 

$ PrtH\ itof/. *SVic. Ber. A, Vol. B7 (1912), p. 98. Bm also C. W. OBeen, 
Phyn, ZviUvhr.^ Doc, Iwt (191 S) ; Arkiv p>r Mat. Ajit. och Fynikf Bd. 9 (1918). 

I B, Eitmiann, Partidle Diffmmtialyleichmifiimy Hattendorf’s edition (1B61) ; 
C. Neumann, Thmrie der FUktncWiU- tmd Wdrue«Verthdlun{f in einsvi Hinge, 
Hiaie {1SS4); W. M. Hioks, Phil. Tram. (IHHl), p. 609; A. B. Basset, Anier. 
dotim. VoL 15, llydmd.ynamim , Vol. 2. For an alternative metliocl see P, H. 
Sftfforti, Ammli of Mathmmtwi^ VoL 12 (1898), p. 27. 
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IIIFOLAK J 


and |xxs8(iHm>H aoltititais td* ilu' Idnn 

.(tamhcr' 

1 fi ■ 5 ' 

u — (<^0Hh a - c<»H ■^■y COH It {yfr - yfr^) cm m - 4'«'> „, 

<4 

(24:5), 

which arc Buitahli* for the treuttuent of prohlmiiH <!omu*ckt(J 
with the anchor ring, circular tliatr and npluTical !h>w1 •. 

For probUmiH connected with two apheri'H hijadar (aantUnates 
maybe usisd; the appropriate mibstittition iaf 
«Hin-(|r ^ /(Hiidi<r 

^ *” cimh <r — COB yjr ' * cosh <r ~ ttoH 

The surfaces <r ^ const, are now coaxal spheres with imaginary 
common circle. The radius of t}u> sjihere «r era ia « i cosisch er^ \ 
and the distance of its centre fnun the origin is « jooth <r«j. 

Th<5 ratio of the distfinces of a point from the limiting {mints 
of the system of coaxal spheres is ef nn<l the angh* Imtwoen the 
radii from these {mints is 

Tho ap{)ropriate solutions of Liiplacu's eijuatiou aro now of 
the typej 

U =■ (cosh or -- cos T/r)^ [.d COSh (» + |) ff + U stnli (» + i) <r] 

X cos m (<f) — <f>a) [./ f *»"* (cos ■^) + ff Qn”‘ (c.m yfe)] ...( 245). 

It should bo tioticod that when wo are using toroidal 
coordinates the function 

u =a (cosh <r — COS -(fr)^/ <f> ±i log binh ^ cos — -^a) 

^ ‘ (m) 

satisfies Laplace’s equation and that when w« use bi{K>lar 
coordinates the corrosjmnding solution is 

(cosh <r — cos Vc) */ ^ ± % log tan ^ ctwh |(«r — trn). . .(247 ). 

* See for instance B. W. Holwon. Cambr. Phil. Tram. Vol. IS (im ) ; C. 
W. Owen, ArMv/llr Mateitmti/i, M. 3, No. «; H. 0. Pm4Iii»«t«m, MU. Tram. 
A, VoL 186 (1896), p. 608. 

t W. Thomion (Lord Kolvin), Jmrfml (ltt4.7). 

t G*» B. Jeftry, Pme. itof , Bm. Bor. A, YoL 87 (191*^ ; Cl* 1. 

Mevim (1913) ; 0. Bwboui, Bulk de» Bekmm I, SI (1907), p. 17. 

Another method of dei^Mng with probkmi ooiin^tid with Iwo sph#f«» is 
deaorihad by A. Q*uill©t and M. Anbtrt, Jourml Fk^t^rn^ 1 $ (191i). 
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It ahmild bo mentioned here that other simple '^solutions 
may be obtained by using the formulae 

i'L ,(».!> o - y oo.h »<,. 


EXAMPLES. 


1. If with the xiotatiou of § 30 wo write 

ipsa a conh (a 

the wave-equation hecoinoH 

aa» + ?),3I1+2 coth 2a cot 2/3 (coaochS-a+cosec^/Sljj^^ 

+ (seoh^a - soo’i/S) 0.' 

Hence nhow that there are wave-functions of the form 

whore a, m and arbitrary constantB. 

2. Prove tliat if p-f the wave-equation becomes 

0% 0% 1 fdp du op , I /I I 

0a® \da da 0^ 0ft/ c® #7 

and obtain elementary solutiouB of type A (a) B O) when 

s + ip^u cM,wh (a4*i^)‘ Notice that the Bolutions of equation (188) are not 
wave-functions, they are analogous to the stimm-lino functions of hydro- 
dynamics. 



t ’HA ITER VII 

HOMOdKNKOUS HOl.UTiUNK Ol-’ THK \VA VK-W^UATION 


§ U8. The method of Stiel^ea*. 

WilV(l-i'uiU!t.i<IIlM whii’ll un( lu>JIU>gt‘IU*l>UH ofa\y, 2 , ^ 

iiuiy be Htudied with the nid uf the Hubstitution 


msafi coH 0 eoH tj), z M f(iu 0 cim ^ | 
a eoH $ sin <f>, ict » « sin ^ sin x ) 
The wave-equation in thiwj cooniinateH hsis the fi)rn4 


(248), 


3® « 3 3« I d'^ii 1 3*« 

37“ » h co«> 3^» 


1 <)“a (!<)t^-tan^3a . 

sin* ^ dx* ^ dd"*^' 

Putting cos 2^ = /i, we find that there are elementary solutions 
of degree %n of the form 

+ (249), 


if 


d 


del 


(2r)0). 

This ocjuation is satiisfied by 


(1 + (1 - ^ F(^n + 1 + ™ «, /> + 1 / ^ 


.(251). 


with th (5 usual notation of tlu^ hyiHu-gtHunetric funetion t. 


* CompUi, Itmubu, t. S.'S (IHSa), p. 901 ; l.hunlti-'H .hmnml, H<ir. 4. t. ff 
(1889), p. im. Hwi hIho I'iNHomiul, Traltf ttc /wA'iou’i/kw fftt'ntf, I'ariN (IKHO) ; 
H. Bateman, i'roc. rMtulon Math. Kov. Her. a, Vol. 8 (1905), p. III. 

t This gives a polynomial it either n + 1 + "* or .. » is uero or a 

o#gativ6 integef. 



T ^ J 




Jk A X 


It shotild be noticc.^d that if we write 
coH = sec a, win 0 = i tan a, ain ^ = cosh tu, cos ^ = sinh w, 
fi = aec^ a + tan® a, 
w(‘ obtain rcAil wave-functions of the form 

u = 0 (/a) cos m (<j!) — (jbo) (252), 

thi? variable in the hypergeomctric function is now — tan® a. 
When m =p the equation for 0 is the equation satisfied by the 
asBoeiatcd Legendre functions. We thus obtain wave-functions 
of the form 

u = Pn^ (cos 20) (253). 

(Comparing this with the elementary solution of Laplace's equa- 
tion in polar coordinates (?% 0, <jf)), we see that if /(r, 0, <j!>) is a 
solution of Laplace’s otjuation / (s®, 20, <;() 4- p^) is a wave-function. 
We may thus derive wave-functions from harmonic functions; 

in pai'ticular, the fundatnental harmonic function ^ gives us the 

1 1 

fundanumtal wave-function . We have 

+ 3/® -H - c® 

aln^ady remarked in § 13 that Lord Kelvin’s method of inver- 
sion may be extended to wavo-fuirctions, it is easy to see that 
thc^ result is an immediate consequence of the fact that the 
differential equation (250) is unaltered when — (/^ + l) is 
written in place of n. 

It is easy to see that there are (n +1)® linearly independent 
polynomial solutions of degree n, for a general polynomial of 
1 

degree n contains ^ (n 4- l){n 4- 2) {n 4- 3) coefficients and when 

this is opemttMi on w^h II the vanishing of the resulting 

polynomial of degree n - 2 gives ^ (n--l)n (n 4- 1) conditions. 

Tlu* dittenuice between those two numbers is (w4-l)®. 

A polynomial solution of degree n is given by the integral 

% » COB ot 4“ y sin a 4 («? sin a — y cos a — dot, 

Aaotof (a + lf linearly independent polynomials is obtained 


i r-5 


llllMlHIKNKUrH HIII4 TIIINH lit TIIK V|%» Ivl^l ' i |t |flL 


by lilliiwiiig III mid p in Uikr thr v;'ili|i*.?4 fti I ...m. A Imttnr 
imt nf millitiiiliH in ifblHiiirtl hy u*^irig tlin iiitrgnilM iif typn 

II I I I «- 

J ti 

{l»r M/lr I iU + rl|j'» 

Pulyimttiiiil w»hit4«)ii.i4 iiiiiy In** iiliiiiiiird by ilitlnrmiiiaiiiig 

iht^ fiiiitiiiiiic'iitiiil iiiiii iiMing im w- 

iiimi** Tlici {K'llyiiiiiiitii! »»ltitttiiiH dimniHHiHl by 

(Jaylt^yt* Wih^ImsIi^ Iwi^ rm^iitly uliiilii^il thmit fbiiti a m*w 

jKiirifc i)f vkw, 

that wlii*ii m ih a laialiiv# 

^ ^ ^ w'^Ju /» ^ 4" i mu S mm )()^ 


I Sfl. mtttod Of Grmm% 

Hmaogtmtoiis noliitioiii taay also bn irwaitigstod with the 
aid of Qreoo'i subititiitioa 

t nm amnficm^, y «« t sin a nin 0 sm /ok 4 \ 
gm gBmamB0, ict^immu i ** ' 

The wave-equation now bec»mes 


0 %^ S 8 tt , 2 . ^ 0 M 1 d^u 

_ + ™ „ +_ cot a ^ 

1 0 f . o^U\ . 

? sin* o sin yS 3/8 V ^ djs) 


1 3 *u 

s* Rin*aain’yy 3(j&* 

and possesses elementary solntions of the form 
It ■» s” ^ (a) I) (yS) COM in ((f>~ <j>„), 




* Of. F. Didon, de vAmlc Ntyrmak (1), t 5 (I HUH), |j. *M%\ fc. 

(1809), p. 7; t 7 (1870), pp. B9, 247 ; P. Appiill, Umd, Pttkrnm, t. 88 (1918) ; 
K. de F^riat, Ctmvj^m Raidm, Nov. mh (1918). 

t LmwUk^» Jmmial, t. 18 (184H) ; Phil Tmm, VoL (Um). m (1878), p. 675. 
See alio Hannite, Oeutm^^ t. 2, 

t I)mt«ch$ Math. Vmin^ Bd. 19, p. 00. 

§ Camtf. FMb Tram. VoL 5 (1BB5), p» 895; (Mlretfd Pap§ri^ p. 1H7; 
Cayley, ho, dl Bee ako Heine, liandhmh der Knifd/anMimum^ Bd, I, p. 440 ; 
OrdU, Bd. 60, 61, 62 (1862«-..186S) ; B. W. Hobson, Prar. iamdm MMh. 

Ber. 1, ToL 24, p, 67, Vol 25 ; F. a Mublir. nmuip (1864) ; Crdk: 

Bd. 66 (1860), p. 161; C. Meiimann, Zdt$ehr. Math. Ph^^ ihl 12 (IB67) 
o. lift : V. ftlwlntte. fillet*, d. Mat. M 119(111. w.. 
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1 d_ 
sin/S 
dU 


sin 0 


dB\ 


d0j 
dA 


, + 2 cot a -T— + 

d(A da 


+ (v + 1) — 

()i + 2) 


m-* 


sin“ 0 
v(v + iy 
8in“ a 


5 = 0 , 


Wo may thus take 

5 - Cl Pm (cos 5) - Ca Qm (cos 0) 
A = 


A = 0. 


k Pit i (cosa)+i!)a Qlt J(cosa) 


...( 266 ), 


where Cu are arbitrary constants. 

§ 40. Wave-functions of degree zero. 

If fi is a wave-function of degree — 2, the formulae 



01i 

0O 


X axi 


da ' 

= 2^1i7- 

Z - , 

ay 


~ c di 

+ ct 

dx 

Hy 

11 

CU 

1 

da 

-W^J, 


_lda 
~ 0 di 

+ ct 

da 

V 

Ez 

da 

da 

JSz - 

_zda 

■+• ot 

da 

If 

-.yg"'. 

0 'dt 

dz 


.(257) 


give a solution of MaxwelFs equations. 

A homogeneous wave-function of degree — 2 can, of course, 
bo derived from a homogeneous wave-function of degree zero. 
If F is an arbitrary function of two variables subject to suitable 
restrictions, the integral 


X2^ 


F f 

Jo Lojcosa- 


• t/ cos a - c( 


da (268) 


( 4- y sin a + iz ’ 

represents a wave-function of degree zero, and when this is 


1 


multiplied by — a wave-furiction of degree — 2 is obtained. We 


add here a few particular wave-functions of degree zero : 


A' 


± W' 
± ct 


tan”"^ 

m 


tanh’ 


. ct 


log 


- cH^ 


.( 25 . 9 ). 


z ' « 

ElectromagpQetic fields which are derived from this type of wave- 
function of degree — 2 may be generalised by writing x — ^ (r), 
z-- ^(t), t—T instead of y, z, t respectively and 
integrating round a closed contour in the complex r plane. 
The integrals thus obtained can generally be evaluated by 
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im-ans (.f (’aiu-hy’s thfuffUi. Many of tin* tvsnlfn ).;iv4*n in tin* 
lU'Xt. chapter are 8Uggi*ntt>(l at unce hy this nn>th<»(l ami may 
b(^ tlnmmghly eHtahlishefl hy a methetl nf tiii-eel. vt<riheatii>n. 

It Ik worthy ofnot<‘ that, if we write r in plane of c.t in a 
wave-function ofMegn-e z<'ro tin* resulting funct ion is aHolutitai 
of IjaplaecH eijuation du 0. A general soluthui of l<!iphu*<*s 
efjuation of degria* stern can la* 4leriv«*<l at once in this way from 
the first of the soluti<tns W** thus obtain 1 tonkin’s 


formula* 



(2(K)t. 


A similar rt*ult is that if 


il = It', t ) 

is a homogeneous function of (h‘gri*e — ^ salisiying tin* e<juaf.ion 

3»0 . Ml , Ml . (HI 1 aMl „ 

^ ^ (h* ^ 

and s bo written in phmo of wt, the resulting function is a 
wave-function. Now if f{w, y,s) is a solution of 1.4iplHce’K 
equation, the function 

.V f /. !> f \ 

Vw-ci \te-“Ct’ w-ct‘ w~ct/ 

satisfies the rtajuirtmumts, conBe<ju(‘ntly we n»ay c^mchtde that 
the function 

ih' .-J 

is a wava-fimctionf* Othor wavi^-furictiimM iitiiy ki clc^rivcicl 
frota this hy generalist^d inverHioii or by iritorcliarigiiig the 
variables w, f/, 5, ict 


♦ PHL Tmm. (1857). Thi« 8ol«tion maj b# <iblain€Ml al mm fwiiii JaeobPi 
theorem that if v, r ar© threo funolioni of u whicili iatiiff III# miiiallor 
ps 4 . + rS « 0 Mid u li deft nod by Iho oqmlion it« » ,r|#(it) + gq (u) + if (u) 

then an, arbltmi^ fnnotlon of u Is a aolntion of lAplait'i tiqnation, llVrJI,# 
B4. 2> p, 208. Bm also Forijth, Mm. 0/ Maik (IBM). 

t This imnlt li oht«lii©d In Miolher way hy Poetoli, 0ker rif# pariMl 
MfermtiaIgMchmg Au + m 0. T®nhn«, Ltipig (IStl)* 


CHAPTER VIII 


ELECTROMAGNETIC FIELDS WITH MOVING 
SINGULARITIES 


§ 41, An electromagnetic field with a simple singularity 
or electron, first model of a corpuscle*. 

We shall now derive a family of wave-functions from the 
fundamental wave-function 1/^^, where 

= [a? - (t)]“ +[y-ri (t)]“ + [z-^ (t)]“ - c“ [i - t]^ . .( 262 ) 
and T is a variable parameter, which is at first independent of 
y, z, t Using a method invented by Prof. A. W. Conway f 
wo consider the integral 


„L. 

27ri J 


taken round a closed contour in the plane of the complex vari- 
able T. If this contour contains only one root r of the equation 
« 0, the value of the integral is 




./(O 

' 2p ’ 


whore 

»' = f ' (t) (a! - f ) + v' (t) {y~v) + r (t) (2 - 0 - c’ (t - t) 

(263) 

and T is the root in question. 


* I have ¥entured to me Johnstone Stoney^s tem ‘‘ electron to denote the 
simple point Bingularity and Sir Joseph Thomson's term “ corpuscle ” to denote 
the elementary chtirged particle which has been discovered by experimental 
work. 

t Pwc. Ltmlon Math, hloc, Ber. 2, Vol 1 (1908). IntegradB over complex 
paths had been employed previously in electromagnetic theory by Bommerfeld 
and other writers. 
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FIELD iJ.F A MDVIKU KLEi.^’ltOM 


[<*H 

This function c xmmlu'H wlion *r 1, // i/, * t - r iwu 

so the wave-function 12 has aHingularity w}iic}i uitivi'H along tin 
curve r roprcmuittKl by 

,(- 64 ). 

Ifj moreover, tlu.‘ Vi*loc,ity of thin nitigularity A* is always b.^si 
than the velocity of light, it in vmy to nvr that nut vatuHl 

for anymii valut^n of (ir, t/, ir, t) (4her than thoso just iiiontioiitHl 
When the velocity <4' thr^ Hingularity H isalwayH Ichh than c 
there is only one value ofr h^ss than t for wfitrh the etjuatioi 
= 0 is satisfied: n\ y, z, t being sup j.H»sed to be given. 

To prove this we surround each point H on T l>y a sphere o 
radius c(t’-r) having K m centre; then it is clear that eiml 
sphcTo lies entirely within tint luughhotiring one eorreH|Hindin| 
to a smaller value ofr, pn^dded T<t and 4 -f 

This shows that one and only one of these splieres pnsHt* 
through a given point of s|»icc!. and so l/mrc in ufdy nac mdu 0 q 
r<t for which the cqmition 

f (t)P 4- [y n C*^)? + U rf, , .(265) 

is satisfied^. 

Now let a point Q (w, y, i5)move with a velisdiy Itms than 
along a cuiwcj 0 and let us consichu’ the variation uf r witli 
ABt inoroMOS from t to t + dt ilw nwlius «.>f the spliiTe aaiKKuaie 
with each point jK will inemiu^^ by cdt and since Q im»ves 
distance lees than <ult in th4^ interval di, hn nc^w {Kisitiori wi 
lie within the new sphere* associaksl with thf^ iiniii r. Cmim 
quently the new position of Q lies mt ii sphere imsiMtiatetl with 
great('ir time r. 

Eenm if Q moven in any 7mmtmr npith a wdmniy 1 $ms ihm li 
wlocity of light, r increame with t 

Things are tpiite diflerent wluui tlu^ vclotdty of K is greati 
than 0. The spht-^res then have a mil erivelo|»e lititl tlterc'^ iiiii 
be more than one s|)here through a given |Mitiit in sjame, iilsti 
may sometimes deertiase when t inonmim 

In this case^ however, p vanishes for valiiM of y, m, I otlw 
than ^ » f, y M t;, f I « t, and so fl liiia m * siiigitlnr lire 


* Of. A. W. Ooawav. tdL : H. Mimadm llftlf) 



LI^JNAUD’S POTENTIALS 
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through CMch point E, Those singular lines form a right 
circular cono whoso axis is along Es direction of motion : each 
singular lino is doscribod by a singular point that travels with 
tjho volooily of light. 

When the velocity of the singularity is less than c we can 
< obtain a solution of MaxwelFs equations having the moving 
singularity by using the potentials^ 

, A,, ^ ^ - 4 ^ 

(266). 

It is (^iisy to verify that they satisfy the relation 


div A + - 


.(267). 


When the electric and magnetic forces are calculated from 
these potentials with the aid of the formulae 

T.T L A fif I ^ •• / r\ /%r\\ 


H-TotA, 


it is found thatf 


e d (tj cr) 
47 r 3 (y, i?) ' 


r-s™**- 

e d (t, cr) 
Sttc 3 {w, i) 


.(269), 


where 

(270). 

It is clear from these equations that the magnetic force is 

* A. liWmrc!, Viclaira^e Slectriqtie, Vol. 16 (1898), pp. 5, 58, 106. Bee also 
E. WicKJhort, Arch, nAerliindaues (2), Vol. 5 (1900), p. 54 ; K. Schwarz sohild, 
OMt, Nackr, (1908). The potentials are usually written in the form 

, where the square bracket indicates 

that the quantity enclosed is to be calculated at time Of. H. A. 

Lorentz, 7.1m 7'heori/ of Fdectromf p. 50, To obtain a model of a corpuBcle we 
must writfi (k instead of e and integrate over a small region. 

+ These tyxprcasions for the components of E and H were communicated to 
me by to B. Hargreaves in 1909 ; they should be of some historical interest 
in connection with the general theory of § 5. This was, however, the outcome 
of iome independent work. Of. Proc, London Math, ^^oc, (2), Vol, 10 (1911), 
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CONSTANCV OF THK KI,KCTKI<’ CHAHOK 


[OH. 


■pcrj)endicular to the electric feret^ and alHii tu the radius 
from the effective pesitieti of 1C\ for we Iiave tlie rt^laiioUH 


dr 

r. 

3t 


" 

dr 


dr 


'' ?t. 


C’^ (t t) 


,( 271 ). 


It also follows frotn these relations that r Hiitisfies the ehar« 
acteristic equation 



,( 272 ). 


This is to be expected becauscs as Jacobi lias nunarkcHP for the 
case of Laplace's equation, thci argunuuit r of an arbitrary ftnu!- 
tion occurring in the solution of a {mrtial tlifferential etjuation 
must satisfy the partial differential equation of the character- 
iaticsf. 

To prove that there is a constant charge e asHociaknl with 
the singularity of our electn)magnetic field wt» shall calculati^ 
the integral of the nulial component of K over a spheni having 
the singularity as centnj. We have to evaluate^ the integral 


ff /3<r dr dcr dr ^ jq 

47r JJ \3a7 3^ 3y 3y dz dz ^ dt BiJ ^ * 

which is easily transformed into 


Transforming the axes so that the axis of z is in the direction 
of motion of the singularity, wo may put 

v = r (t) cos ^ — c), dS ^ r* nm 6 ddd<f>, + v*> 

and our integral becomes 

hs f" f®"' (o* — «*) sin d d$d<f> 

^TrJoJo {vamd — cf 

* Werke, Bd. 3, p. 808 ; CrelU’» Jmmai, Bd. 86 (1848). 

t For the general theory of aharaoterbtloe see Hadamwrd, dn 

Ondet (1908), Chapters rtt. and vnt, ; J. Ooulon, Cimptm Rtmdui, t. 13f 
(1899), p.1886; A.V.BSoklund, Math. dm. Bd. 18 (1878), p. 411 ; J, Beudon, 
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K. T, Whittakor^ has calculated potciitials F, 11 from 
which /I aud can derived by UHing (7). He finds that 

win* re 


•r — r 

Hinh'"'*'* , " , 47riV” = - e tail" 

+ (y-vf 

4i7rK a® — e» log V -f (y — 


f 

.(273). 


It may hi> vtalfied witliout difficulty that the functions are 
wavt^-functiouH. This result is a particular case of the 
foll<Hving gtmeral theorem. 

y> w n. homogeneous fimction of degree zero satisfy- 
iwj Laplaces e(p(atwn Au^O, the function 

a «/ [^? -- f (t), y - t; (t), ^ ~ ^ (r)] (27 4) 

is a wam-function. 


I 42. The electromagnetic field due to a moving doublet. 

Let us now derive an electromagnetic field by superposing 
two alectromagnetio fields of the type just described wherein 
the sirigulariticm move along the two neighbouring curves 

a: * f (t), y *= (r), (r), 

^ f (n) + €a (tj), (r^) 4- e/3 (n), ^ ? (n) -f 67 (rd, 

€ being a quantity whose scpiare may be neglected. 

If Ti is defined in terms of y, Zy t by the equation 

- f (rd - €« (rdl® + [y - ->? (rd (rd]® 

+ [i? - 5* (n) - ^7 (n)]^ » - n)® 

and Tj — T + € 0 , we easily find that 

+ a f ) 4- /3 (y — + 7 ~ 0 0. 


Also if is the quantity corresponding to Vy we have 

« 1 / 4 - e [^i/cr 4- a' ~ f ) 4- (y — v) + 1 t) 

— af ' — ^7}' 7 ^'] sa 4 - € {dva 4- p]> say. 

‘ ~ j— , 


Now if Af ' 


Proc. Lmvdon Math, Hoc. Ser, ‘2. V'ol. I* 
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FIKLD OF A MOVIKO HOUBLET 


we find that 


(lx 

= ’ [/I 

e 


= *' [ 

pa' 

(t) 

-P^' (T 


1 

= fep 

€ ^ 

/ _ cl>] . 

er. 

47rr'*^ 

[p 

+ 1 

'e<r\. 


But 







tfa' 

-pfd 

■ 1/^f " - 

r^cr|' 

x::: n 

''(// 

f ^ ^ 

t/)— m'{ 


+ c’ 

®a — j/'w- 

- i;ai 

«• ^ 

T ja 

(t^ 

- r) n 

wh< 

ire 


-yt/ 

» 

711 

ss 



Henci*. 

wt! may 

wrik^ 








e 

a 

/ll\ 


? /m\ 



47r 

% 

IJ 


<%' \v/ 



<^=- 

ec 

47r 

■ d 
dw. 

c: 

)+ 

10 


n - atf' -- 


..(271)1. 


The electroinagnetic field derived fnnn them^ poteiitiidH indue 
to a moving electric doublet. It nlujuld hi* noticed that we 
have the relationa 

^ 0) 

*f ?;<t/ 4* n ^* » 01 ^ 

We can writer down l>j analogy the {KiteniialH tor an idiH4.ro- 
magnetic field duo to a moving magmatic d<)ul)h4., Thc^y an* 


^S* -f 


where 


Jdy \ pj dz \ a / di \tH | 

(^A 4. i^^A' i 

^dw Ir / 3y \ a / 0.^ \ a / ^ | 

4<3t0-f Wo/9o4-a«7i»-0| 

4“ Mq k}* 4* Wof' » 0 j 


W.. 1277k 


.(27HK 


and ao> 7o» k, are functionB of t. Whtui a, 7, I, m, 
% are functioiiB of r which are not conneckHl by the n,diitioiiK 
(276) the potentials (275) can be tistnl to couHtriicI an electro- 
magnetic field which must bc^ n^gimled ii« fchtit ditii to an 
electric doublet and magnetic doublet which move together* 

§ 43. Electromagnetic field® in wMoh singularities mm 
projected from a moving point or emrv® and travel with the 
velocity of light. 

We shall now davedop some mathematical iiiiiilysls of eon- 


vnr] 


BTEUCTUIIK OF THE AE^TIKE 
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tnidi'nsttKHL Ai firnfe night it HoetnH appropriate for a discussion 
of an (‘nuHsion tlu'ory of light in which waves in the aether fire 
i‘iihtn* prodtictHl or gnithul by small particles which ixiove in 
Htraight lines with th(‘. velocity c. After further study I have 
tliought it may Ix^ ust^ful for a (liscussion of the question Has 
tlu^ aivtluu* a strueture ? 

This tpumtion has alrofuly besen raised by Sir Joseph 
Larmor* and Sir Joseph Thornsonf. The latter has, indeed, 
diwehqHHl a tht‘.ory in which the aether has a kind of atomic 
Htructiure of which the elenuaiitH are Faraday tubes];. In the 
most reetait form of the th(H>ry it is assumed that the electric 
ami magmdiic forces an^ s^ero outside the tubes and that a 
ctTtain amount of work is performed when one corpuscle 
crossc‘H a tub(^ of force attached to another. In an application 
of tht! pix'Htmt analysis to Sir Joseph Thomson's theory the 
aim would be to build up his discontinuous electromagnetic 
fieltlB frtun eleetromagiietic fields with certein types of sin- 
gulariticB, making use of discontinuous definite integrals. To 
illustrate the possibility of doing this it will be sufficient to 
mention thc^ definite integral • 



da 


z 4- cm a + sm a 


4 " 


r 


47r 

T 


0 


z>0, 

z<Q, 


The electrostatic field derived from the function V is zero on 
one side of the plane - 2 ^ =» 0 and has the character of the field 
due to a point charge on the other side. It should be noticed 
that the integrand is a potential function which becomes infinite 
along the line w cos a 4- sin a = 0, and as a varies this 

line sweeps out the plane of discontinuity of our electrostatic 
field. 

To generalise this result we must endeavour to solve the 

♦ Aethtr and Matter (1900), p. 188. The quegtion as to whether the aether 
is oontiuuouM or UisoontinuouB is discussed by H. Witte, Ann. d. Phyn. (4), 
Bd. 20 (1908). 

t Fr« 38 idential Address, Pritkh AMociation JteportSi Winnipeg (1909). 

X Etmnt IlBrnarche^ on Electricity and Magnetum ; Electricity a7td Matter; 
PML Mag. Yol 19 (1910), p. SOI, Got.— Deo. (1912). See alsoN. E. Campbell, 
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FIELDS WITH MDVINd HIKtiDLAiC DLEVKH 


C’lL 


geiK^nil prt)l)l(4ii of fintling oltH-irotiiHgiitiio tioklH w1hks<» 
BinguliiritioH lit* on moving cnrvt*s^, 

A partial soliititai of this prohloin may la* uliiiitittHl hy rtai- 
aideriiig Hrst t^f all ilm fioltl roprfBtmD*ti hy iHpiaiitais (10) 
of § f). Wi* may obtain a Huitnhlo j>air ttf liinotitins a, by 
solving tin.* otjuaiimiH 

V'^av ^ \dy) \(^z) Dr 

Idkj . f^fiY j /OA 

da f)$ 


(£)'< 
da d 0 


+ ■ -+ 

die (he d;/ dy ?t 


■ ‘ r'h 

r’ / 

1 ?a fia 


f)j ^ (■’’ (it dt 


.(27!»); 


for clc^arly 

f 3 a 8 / 9 _aaf)j 3 y 

\dy dz dz dy) 


■ /Soy lda\ 
c’\f)i/ \dxj 


^dct Bfi. 


fda 30 da d0Y 
^dzdz) 


1 / 3 aV /aa\’'l f 1 fd 0 \^ __ (d 0 J 


1 /da d0 
' ?\d 


(i‘\dt) 


(Uf 

/ 1 da 30 
Ic’ dt dt ' 


da d0\* 
dx dx) 


__da d 0 Y 

la® dt Bt dxj ' 

Two othor ©({uatiojiH can bo obtaim**! in a Himilar way aiul ho it 
follows that if wo make a suitabhi choice of an anibignouH sign 
which is involved in the definitioiiM of thi« functitnm a an«l 
0, the equations (10) will Ihj a conwHjtu'nee of etjuations (270). 

A more gonoral ehKJtroinagrustic fitdd is obtained by 
multiplying the comiaments of M in iHjuationH (10) by an 
arbitrary function /(a,0). Sinct? the comjK>nent8 of Af arts 
necessarily solutions of the wavts-equation it fo!l<iwH that, if 
g^ljf, an expression of the typts 

a m 
0 (y. ’ 

is a solution of the wavo»aquntion (S). 


^ Tha aim must b® not oiilj to obl^a m oomipltlii f»ii©mlimlion of Clr«.R»« 
equivalent lajer irhioli will bt appli<»bl© to Hit of a iiic>viii.i but to 

obte^in, If pogg-lbk, an awljsls of tb# tleetorto mi eiir»al wliteli 
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'I'ht! olciiti-omagnctic liolcl whicli has just; btiwi obtained 
geiicmlly has singularitii'S at space-time points I'or which 
/{a,0) is zero. Lt't ns write /= u y, z, t) + iv {x, y, z, t) where 
•u and II are ri'al vv'hen x , ;?/. z, t are real ; then th(^ points for 
which 0 lie. on the moving curve, defined by the equations 
u =0, »is=0. Now it follows from (279) that / is a solution of 
the equation 



Htul tions(«pu’ntly 



dll dv dll dll dn dv _ 1 du dv 
dx dx dydy^ dz dz ~ c“ dt dt ' 


Now let F{u,v) !*• 0 bo the equation of a moving surface which 
always contains the moving curve, then if 

dFdv _ dFdu 

' du dx dll dx' ^ du dy dv dy ’ 

^ dF dv _ dF du ^ dF dv _ dF du 

’ 9u dz dv dz’ * du di dv dt ’ 


P 


we have 


■/ajf’V ^ fdFy (dFy i /dFY 
\dx) '^\dy) c“\9T/ 


(dFY (d 

FV s®" 


ZJ ’^c®_ 


/ dF dFV , / dF dFY , / dF dF\\ 
dz ^ dy) V 9a; ^ 9^ j V ® 9a: j ’ 

consequently 

\dx) ”^1.9^/ "^\9ai/ 


This moans that the component velocity of the surface jF'= 0 in 
the direction of the nonnal at {x, y, z, t) is loss than the velocity 
of light, it is equal to the velocity of light only in an excep- 
tional case. Since this is true for any surface that always 


124 


SOLUTION OF TIIF FUNOAMKNTAI* EtlUATUuNH [cnt, 


r(‘.gar(l(Hl an moving witJi a vi»liH»ity Iohh fhiui tlnit of’ light. It 
nhould ho nndta’HtcMKl that. tlu‘ ourvo gt-norally oliaiigos in Hliiipt* 
M it movt‘H Imti thiH in lait noooHHarily tlio ohmo. 

It often IiapjMJUH tliat ilu* umviiig onrvo Cl ran ho 
regarded m niadt‘ up ai' iht' iuHtanlanottUH oif a 

<d‘ points which move in ntraiglit lines with the velocity f»f 
light. To Hot^ thin let uh HUp|Mme that- a function ^(a,/i|can 
be found such that ^ m a mtl fnneiion 4»f j\ //, 2 :, t. It m iwidmit 
from (279) that 


d/d^ dfd<^ 1 

ck fir ^ fu/ ?!/ ^ 0^ 9^ f‘*^ f 7 M 

and thin meann that if a {H)int Htarts fr«»m (.r, y, and imiven 
with the velocity of light along a Hiraiglit line wlume diri*eiion 

coaincH I, m, 71 an^ proTH^rtional to » tin* function 

^ ^ da* i\ii 0: 


/ will remain conatant along its path, and «*oiiHei|Utuiily if the 
point once lian on the moving curve /as Cl it wit! alwiiyn lit' on 
thia curve. It ahoulil be notice<I that the futieiisui tp ami tin 
first derivatives with reganf to a\y,z, t all retiinin constant iihing 
the path of the moving {M)itit 

The mse in which no such functiim ^P exints may bt^ t»f 
importance in future developmentH the- subject; thin case 
has not yet been <limmHHi*d in any chd^yh 

Two methods of solving equatiims (279) firt» known, but 
they are. not really distinct. In the first iiiethrsl the functions 
a, 0 are defined by tHpiations 

f (a, m + [// - V mr “t’ #)r 1 1 - r («, mn 

I (a, 0) ~ f {a, 0)] + m (a, 0) y - »; 

...... (2H()), 


where t,I, am arbitrary funetioiw »iti«fyirig the 

relation 


The functions a, 0 may evidently be .rcqditeefl by two other 

functions a\ 0^ defined by equations such m 

a^»^Fia,0% 0'^(Ha,0); 


(ftATIfiAAn ATI tilt)' wa wtttll. L\.tao t- 
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further relaiit>n (Minneetiug tho huictiuuH 
rt*latiu!i \vv nliall (‘luiuHe in 


. (h) dt 


C^p 


dr 


■3tl <“')■ 

Will'll 'i ami 0 ari' di'fini'd in tiiiw way wo can obtain the simple 
Hpooifications of two typos of oloctroinagnetic fiolds; one type 
is ob(.ainod by writing 


./■(«, 0) 


dia,$) id(a,/3) 


.(282), 


^ (.'A - ) c i) i) 
and two similar (‘<niation.s. A second typo of eloctroraagnotic 
field may be derived from the isitentials* 




A, 


Qli 


whore 


, 

FU~qii' P8-QR J 


.(288), 


/» = 

Q’ 

R> 




dtf 




, 9t 


9a' 




da 




0- 


da' 

dr 


, 9?? 9f 9 t 

i f e + m + n — c“p „ 
(}a da ^ 9a 


dl 




-t). 


9a 


9a 


(«-?) 


3m 


3a 


('/“’?)■ 


9n 


9a(^~^) + ^"9«(^“’’)’ 






9f 


a/S 


(<B-f)- 


9w , N 9n / 
p-(y ’?) 


It# k uiisy to see that these potentials satisfy the relation (267). 
To prove that tlu^y are wave-functions we remark that 




dm 


dn 


{to (*-f)-/(y -•»?)} 


<^Pi 


dm 9 (a, ^) , 9ro 9 (a, R) , dp 9 (a, jS)‘ 




^9^ ■ 9 (a;, ?/) 9,3 ' 9 (ic, 9/S ' 9 {ai, i) 


Now it has already been proved that an arbitrary function 
of a and $ multiplied by one of the Jacobians represents a 


* We oan ako call these potentials I#a, A and derive an electro- 

miMmiitie field from them bv the method of S 4. 


wave-function, hence in a wave-function. In a similar way 
it can be shown that the other {H)t»>ntials are wave-funetions. 

It should be noticed that the <‘lectromagnetie field sjieeified 
by the potentials (2H:1) is conjuj^ate to the fiehl given by (2H2). 
To prove this we obstirve that. 



and there are similar expressions for .-I ,,, .1,, <t>. Hence for t he 
electromagnetic field sja-eifii'd by the potentials we have 

0 (w, tt) , 3 {v, fi) t 0 («, a) i 0 (f./H 

' * " 3 ( 1 /, z) d (y, z) * c 0 {./•, t) * t: a (a;, t ) ' 

'Phe relation (2) is now seen t,o bti .satisfied in virtue of t wo 
(Sjuations of type 

0(a, yS) 0 (i^) d(a, md{u, a) d («. B) 0 (u, a) 

9 (y. •*) 9 (^> d(z,w) 0 (y, t) 0 (-*, y) 0 ( s, i ) 

, 0 (a. 0) 0 {n, a) , 0 («, 0) d («. a) ^ 0 (at. 0) d(n, a) „ 

3 («, t) d (//, 0 t) d w) a (z, t) d (:t, y) 

.,,...( 284 ). 

It Bhould bc‘. reinairkiMl that the Vijctom K, H in bnth 
gonemlly become infinite when QB»(X Thin e(jnation 
is certainly satisfied when y, z, t) lies <m the moving curve, 
defined by the ecituitions 

In some casos this c\irve may reduce to a moving |K>int, 
as for instance whtui r am inde|HUHlent of 0. 

It is evident that tht‘ quantity PB - QR m iittitidly for 
spaco-time points which do not lie on the iw^ving curve (285), 
If, however, we regard I, m, % p m complex fiinciimis of the 
type ^ (a, 0) -f i-f (a, 0\ the equation PB » QB will generally 
give rise to two distinct eejuations connecting when 

we equate real and imaginary tenns on boili sidt^s. Hence 
all the real singularities that are defiiu*fl by iW « QR will 
generally lie on one or a numbc»r of moving curvt*R 

So far we have said nothing about the choice of a siiitublo 
pair of roots of equations (280). In gcncml we ciinnot ciTOCt 



both to be real atid it in difficult to lay down ruleis which 
will (Uiabli* uh to pick out juHt one a and juHt one ^ in all cases. 

pr(KUH‘d further we must considcir soitie particular examples ; 
bidbri^ we do thin, howciver, it will be worth while to point out 
that if w(‘ asHign givcai eompU‘x values to a and /9 the equations 
(280) will geru'rally dtd^errnine two real points x, y, z, t, but 
in special cases they may giv(^ oo * space-time points which can 
be n^gardetl as thc^ conBecutivo positions of a moving point. 
Ilius we havt^ iin interesting specification of the real points 
in space by nutans of two complex ejuantities. If we assign 
a complex value to 0 thc^ corresponding space-time points 
X, yt z, t gentu'ally lie on a moving curve which travels with 
a vidoeity not greater than that of light. Hence in the para- 
metric reprimtuitation of x, y, z, t in terms of the complex 
(luantities 0 the loci a = const., const, are generally 
moving cnirves which may alter in shape as they move but 
never travel with a vc^Iocity greater than that of light. 

Mattc^rs are somewhat different if a or some function of 
a and 0 m always real when w, y, z, t are real. This case will 
now be illustnited by a particular example. 

Mxafnplm, L Prove that the ratios of the Jacobians 
a(a,^) 0(a,jS) 

0(y, i:)’ d(z^x)' ^Wy) 

are functiouH of a and iS. 

2. Prove that the ratio Q/S depends only on a and jS, 

S. Obtain the geneml solution of equations (279) by taking x, y, a, ^ 
as new inda|>endant variables. 


I 44. Projection of singularities from a moving point, 
second model of a corpuscle. 

Let iiB now suppose that f, 97 , r are independent of 0 and 
that T»«. We may then define a uniquely by restricting 
it to be real and introducing the inequalities 



(286). 


To obtain a single value of 0 we may assume I, m, 71, p 
to be linciar functions of 0. Consequently we may put 

p ^0 f (v ~'0) + (z-Q- c°p, (t - a) . 

^ “ li (w- 1) +"m,ty - 1?) + % - 0 - ‘ ’ 


whert‘ lu 


are functions t%f a ^ 

dncii satisfy ' 

tile 

! eijiiai ions 


^ h m, 


sr’/»u’ ] 






cV j 


(2HH), 

hh + 

ntain , 

+ «ii«i 

f’/W'i 1 



verify 

tlwt 

tin* \viivo-»t*ijuation 

is 

siiiisfii'd I)y 


ii fmiction of typo 


I 




thuH we have a generaliHiitioii t»f the tluna-iatt i»f |4I. 

Wi* shall aSHUine tliai /a,, an* real nod iliat wniie 

or all of the tpianiitien nii, aj. p^ are eoutph^x. It. in vmy 
to Ht‘e that if w(% jwaign a mat vahu‘ t<» « and a eoinplox value 
to ^ the correHjHUuling Hpaee-tiuie ptuiits {x, //» t.) ean Ih' 

regardtHl m the mieetwivt* |H>Hith»nH td’ a jwdiit whitdi Ht.iirti- 
from the point 

(2HIK) 

and movoB with the vehnuty of light almig a straight lim: 
through this |H>int. There in ehmrly just em* line througli 
this point for each compk^K value <d' ^ mid mm iiermi. If wc 
eonsidar all the points in Hjmee at a juirtiindiir fanit' t we nm: 
s{K?^cify each point nni<juely hy a rt^al piirain«d*er a and a rea! 
or complex parametef 0. 

Let us now consicku* the edt^etromiigrietie field which ii 
specified by the |mtential» 

<1**^^*^ (21)0). 

when! fili — h, «i =" iSfth ~ f'h, « * /• ■’ fipi " /*» ««“ 

f is an arbitrary function of a aiwi )9. Th«*Hi‘ iKitentiaia art 
derived from (2H5)) by putting Q » 0. 

After a long oalcubition wt* find that tin* etunjauifiit i>f tin 
electric force along the radiuH fn*m (f, »?. ?, a) to (x, y, z, t) ia 


/ 


c*p — I 


da 


‘aa 


*da 


To obtain an electromagnetic field in which there in i 
constant electric charge aseociaUtd with the singnlaritj 

/ P. t. aV WA ftsiuime that m f m I itiicl that 


vmj 


MOiJKl. OK A COKPUSC'LK 






dv 

'da 


(If 


/» o’ + (Wo >1 ’ 4- w, 


dr/ 

*0a 


*?«" 
f - 

'da 


[8aJ 




...(291). 


'rhf ('xpri'HHioii for tho radial oloct-ric force then becomes 


I 





(3omf«iring this with the expression for the radial electric 
forct; in the Ciise of an electromagnetic fi(dd with a simple 
Hingularity (f, ij, f, t), we see that there is a constant electric 
(;hargo iv/c associated with the singularity (f, ij, f, a). 

It should bo montioiKid that the second of equations (291) 
is a consociueuce of the other ecjuations satisfied by lo, Wj, 

To prove this we take the axis of a; in a direction parallel to 
the velocity of the singularity (f, v, 0 time “• We then 

dfi 

have for this instant ~ - 0. If, moreover, we choose the 

axis of y in such a way that Wj = 0, we may satisfy the first, 
of (Hpiations (291) by writing 

(jt 

« c cos 0, li^c sec 0, nil = ic tan 0, l„ — c cos 0, 


wto = 0, Wo == ± c sin 0, 

and then it is clear that the second of equations (291^ is 
satisfied. 

Let us now write 4 = c cos 0, Wo = 0, »io = T c sin C 

4“C8ec^, w(, «= — fc tan d, ni = 0, « — f = Z, y — — 

z — ^tmZ, t — then it is easy to see that if 

S^&T-hX-mi Y-niZ,, S = d>T-liX-miY^iZ, 

U^&T-\X-m,Y~n,Z, l!=-<?T-l,X-m, Y-n, Z, 


wo have cos’ 088= UU, U+U= — 2P. 

Now sinew ^8= U it follows that the potentials (290) become 
infinite when l/=0, i.e. when 


X_Y^Z^T 

4 '(Wo «0 1 

When a is given these e(juation8 are satisfied by a point which 
starts at (f, a) and moves with the velocity of light along 



a Htraighi line* wfumc* cHnH’tion enminim mv priipniljunal to 

nn anglo 0 witli rh*» diroetiuii <»r 
motion of tlu^ {H>int (|, r;» a). 

The eh*etrie and miign«‘tie haroH in ilu' rleeiroiiiagnoUe 
field derived frtun tin* poieiitialH art* geinaiilly infiniu* 

for W = 0 atui HO our fudtl ptHHenneH ii iiuinhor t*f witigular jKiintiH 
whieh an* projecttjd from the moving ptnnt (f, and trav<4 

along Htraight linen with the veltteity of light. It Hli<*utd ht* 
remarked^ howcma\ that if wt* rt*taiii only the roa! parts uf the 
potentialn (290X the projea^ted HingidaritieH dinappear m Htaui 
an the Bingularity ^,2 moven in a Htraight line with tinihirm 
velocity and i, m, n nm indejH*!uhmt of a. The held then 
becomcH identical with that derivtnl from laenanlV |Hitentia!H. 
To prove this we nhall hHow that, on ihv aln^ve iiHHum{>tifjnH, 
the field dorivtal from the |K)tential» 




m everywhere null, R being UHe<l to dtiitok* the retd part of a 
quantity following ik In the fiimt {iIim*!* we remark thiii 
we now have 

JK - If ' + + nf ' « f 4 - 


Henct:‘, 


Pdw\HJ PhwKl^J 

ir (i . tiS _ a ,, ,,, 


Pdw^^^V 


(i«»gn 


Now since CT + ?7 + 2P »■ 0, it follows that U/P In n function « 
W/U and so Am\Ay*, Ag>, — i are tha dorivativas of a singl 





v/jc wcv uov-/JUJC<i 




function, coiiHiMjucntly the electromagnetic field derived from 
tin ‘He pott^ntialn is civorywhei'o null. 

Sunutiing up our renults we can say that when the 
cotKiitiouH (291) are satisfied, the electromagnetic field derived 
from the. pohuitiaLs (290) contains a point charge which moves 
with a velocity less than that of light ; attached to this point 
charge there is a certain curve which becomes the locus of 
a Beries of moving point singularities whenever its form differs 
in any portion from a straight line or its direction changes, 
^rho form of the curve at any instant is subject to the condition 
that the points of th(^ curve can be regarded as having been 
projected from the moving charge at different instants, the 
direction of projection being partially determined by the law 
cos 6 » vjc where v is the velocity of the point charge, and 6 is 
the angle between the direction of projection and the direc- 
tion of motion of the point charge. 

We may now obtain a new model of a corpuscle by con- 
sidering an aggregate of elementary fields of the type just 
described, the point charges and exceptional curves being 
nearly coincident. If w© write de for the charge associated 
with one of the elementary fields we may obtain a field in which 
the electric and magnetic forces are finite by a suitable process 
of integration. According to this idea a corpuscle has a kind 
of tubes or thread attached to it. When the motion of the 
corpuscle changes a wave or kink runs along the thread ; the 
energy radiated from the corpuscle spreads out in all directions 
but is oonoentmte(i round the thread so that the thread acts as 
II guiding wire. This theory of radiation is in some respects 
similar to that given by Sir Joseph Thomson in his theory 
of the Rcintgen rays^. It is in accordance with his idea that 
the energy may be concentrated round certain points of the 
wave-front. 

The following figure indicates roughly the changes in 
the form of a tube which always lies in one plane and is 
attached to a corpuscle performing a simple harmonic motion ; 
it is seen that a type of progressive wave travels along the tube. 

* MUctridty and Matter ^ London (1904) ; Phil. Mag. Vol. 19 (1910). 


1 S 2 


FIKLIKH WITH MOVIK«l HINUt'LAIi €FE%’lvH 


\VIL 


In Hir Jimr*ph thfory ihv liiiittgrii niyn ihn 

kink in the* iuln* of tom* Ihh’oiiioh longrr aiitf loitgtn* m ii 
rociHloB froni ilu* ehnrgn. A Hiinilnr remark ii|i|.i!ii*H to ihv 



oscilltttionB of the thr<*ail att 4 ieht*tl to onr jKiint ehargi*. ThiB 
phonotnonon iniiy lx* duo ontirt'ly to tho faot that thi* tulx* of 
force and thrniul extend to infinity. If we Mupjwwe that tiu* 
tube or threi-id <loeH nc»t i*xterid U* infinity but eiulH at Home 
other iKiint chargt% the eittnuiiHianceH of tfn^ imitioii wall be 
different If in thin eiwe we treat the ihn^iid m a Hingular 
line of an electromagnetic field and HUp{.ioHe that it ia given by 
an equation nt the form 

where a and 0 are functionw which natiHfy ( 279 ),, wn rnuHt 
conclude that there in no function of ty|K* F(%0) which m 
a real function ofa*, y, for if thin were the eiiae the moving 
thread would be the loctm of pointa travelling in «iriiight limm 
with the velocity of light imd would conHecjiiently extend to 
infinity. 

Electromagnetic fields with moving fioiiit cliiirgeH joined by 
singular curvc*H which do not exk*nd tn infinity liiive licit yi*t 
been obtained, but I think there in mime ho|Mi of deriving fcliern 
by the general nuithwlH of | 4S, when the a, 0 arr^ 

both complex. 

Esamplm. L DiHCiim the |>ro|>ertitm tif tlw iiiiirirtiittagiietie lii'IclH 
that can \m derivml fhuii th© {mtantialH 


A ''J' 
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rasncctivftlv and dutomiii® thii lin^ af Mid few*,. 
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Vin] VELOCITY GREATER THAN THAT OF LIGHT 

2. Provo that if a and ^ arc dohnod an in § 44, tho electromagnetic 
field HpocituHl by tho o(|uationH (282) is conjngate to tho field specified by 
tlio potentials (290), or to tho fioltl spocified by Lidnardts potentials. 

§ 4o. Electromagnetic fields with singularities moving 
with velocities greater than that of light. 

Soint‘ of the preceding analysis holds and provides us with 
Bolutions of MaxwcH’s equations when the velocity of the 
primary singularity (f, t), r) is greater than that of light, hut 
in the case of a field specified by potentials of type (266) 
a transition from a velocity less than that of light to a velocity 
greater than that of light does not seem to be physically pos- 
sibh* on mxiount of the occurrence of infinite values of the 
electric and magnetic forces in the critical case. Moreover, it 
is diffictdt in the general case to give a rule which will enable 
us to pick out just one root of the equation (265). An interest- 
ing type of field may, however, be obtained by a process of 
Bummation over some of the roots of the equation ^ 

The case of infinite velocity is of some interest, for then 
we obtain electromagnetic fields with singularities along a 
fixed curve at a given instant of time. The following example 
indicates that the case in which the primary singularities are 
itnaginary may be tissociated with another case in which they 
are rcml. 

Consider the two equations 

(w’-a COB ay 4- (y — a sin a)^ cH\ 

cosh ^y == {ct — ia sinh ^y, 
and write in analogy with (263) 

V cos a (y — a sin a) — a sin a (^r — a cos ct) = a (y cos a — ^ sin a), 

Vi « ia sinh ^{z ia cosh — mcosh /9 {ot — ia sinh 

= ia (z sinh ^ — at cosh /3). 

Wa evidently have 

4- y^) — (^'T® -f- 4- + a^)^ 

« 4a® if - et) 4- (ir® -H 2/^ 4- - a®)®, 

hence 4* » 0. 

* A more oompleta disouasioa is given in G. A. Schott’s Electroniagnetic 

Radiation, 
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It itt eiVHy to voril'y thnt f lu* fuiict ioii 

II - '/‘(a. 

iH a wave-fimctioti iiiu! that ihf {'uiicTii*ii!< a, 0 ni f xiiitahli’ fur 
obtaining ol«‘ctroniagm*tio lirldH by tfii’ nic{h<*<! of^ 5 ; they uns 
in fiust, thu funoti«>im conaidorfd in § .’iti. 


§ 4(). Second solution of the ftindamontal equations. 

Thu iundanamtel oi|uationH (27!l> »r«- alno whun 

thu functums (a, /t?) arc tiuhnud by t hu ruiafiotw 

I (a, fi) o! + m (a, 0) i/ ^ n t;» p{a,fi)t i p {a, (d) (>| 

L (o, ^)m + M {a, fi) tj + N - tr» i 

C 2 JW) 

where I, /<,etc. are arbitrary functioiiH aatiaiying thu rulations 
l> 4- f,p 4- n* » d‘p\ //* -f- .V» c* /*>, 

lI^ + niM + nN s* d'pV ( 21 ) 4 ). 

If now 
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we e 4 in derive an uluetnnnagnutie field in mi the jmiuiitiala 
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'I'o verify that these potentials satisfy the wave-equation and 
t.he relation (2()7), it is sufficient to remark that 

r'- • /I = _ ^ _ E 9( « . / 3 ) ) 

• * “ dfid (a;, y) 9/3 d (a;, z) 3/9 Z 

= T i 4. 4. V E ' 
^ c 3 (a, i) * c 3^ 3 (y, 1) d (y, z), 

When similar expressions are obtained for Ay, A^, <C> it is clear 
that tht! relation (267) is satisfied. Other types of electro- 
magnetic fields lu-e obtained by writing a instead of /3 in 
equation (296) or by writing I, m, n, p in place of L, M, N, P 
in (295) and (296). If Aa, Ay, A^, <!>' are the potentials 
obt4iined in either of these ways we have clearly 

A^A,: + Ay Ay’ + A^ a; - $<!>' = 0 (298). 

I have noticed that this relation is often satisfied by the 
ptentials of two conjugate fields. 

Another type of electromagnetic field may be obtained 
by the method of § 6. 

Sonui particular cases of the preceding theorems may be 
deduced by contour integration. To illustrate the method let 
us suppose that l,m, ... are functions of a parameter a 

which satisfy the relatit)ns (294). If we regard those quantities 
)is indepijndent of at, y, z, t, the contour integral 

1 tF{Laf¥My-\-Nz-(?Pt + a, a) 

^ 2'7n’ J lat + my + nz — c^pt -f g 
will represent a wave-function. Now let us suppose that the 
contour encloses only one root of the equation 

wl (a) +• ym (a) + zn (a) - cHp (a) + y (a) = 0 . . .(299), 
and that the numerator is finite and single-valued within the 
contour and on its boundary, then by Cauchy’s theorem the 
value of tho integral is generally 

I y(^, a) (300) 

where /8 = a,L (a) ■+ yM (a) + z2f (a) - cHF (a) + G (a).. .(301) 

and \ is defined in the mime way as before. 

We have then the result that the function (300) satisfies 
the wave-equation. This is a particular case of the general 
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theorulu of §4*1 mul in a goiuTaliHiitioii of ii iJiourtiii 4ltto ia 
Fca’Hjih^. In Fomyilin work tho fisitotioiiH M\ N, i* aro 
aHBumiKi to be tht‘ dt.irivattVfH t»f /, ao /o p with n^gard b* a, 
Thi‘ fiinciioiiH a, 0 are i*vi<leiitly piuiJeuIar id* the fime- 

fcbns that have already l>eeu ihdttied lyjd .so may be iiHetl to 
eonHtruct an <deetroinagiieiie Ibdd by the of |ri. An 

iiitert^Hfcing eleetroinagneiie held may alnn !>e derivetl from tbe 
potentialtt 


/(a) 

X 


At^ 


m' («) 

X ' ^ 


/t. 


H(a) 


cfl; 


ep ia) 




it m eiwy verify that ilit^ relatiiJM ( 267 ) in HatiHfit'd, '’fhe 
e4wci in which /, m, a, p, tj are all furiciioiiH of a in uii- 
intending iHHvuiHt' then uur {H»t eniialn betaime iiifiiiite fi^r 
00 ^ 8pa€e«tiine {K.dntH whieh iii» in oe * {iliuieH. WIa»n» however, 
I, w, % p, g are eonijih\v fimetioiia of ilie f.yjn^ 
the Bingukritiea of the eleetromagiietic’ liehl geiieriitly hit oti 
a moving curv<^. 

It should be remarkt*d that when or and ^ an* itidimHl by 
the equations (299) and (3(11) a fuiK^tion of the iyjH,» 

XI » F 0) 

satisfies the wave«e(|uation» and at the mini* time «iti«fifis the 
differential cMpiation 


(dii\^ . /axiy . /axi 
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1 /aa\» 

0 * \ M J * 


This is a gonemlisa.tion of a theorem due to Fowytlit «tncl 
Jivcobi|. A solution of Maxweirs equatioiiw may Im* dtirivcMl 
from the (mtentials 
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Oiui way of aatiafying those equations is to put 
k-l, mo = m, n^ = n, Jh=p. 

An int(!restiing typo of wave-function may be obtained by 
a gcnuuiiliHation (jf a method due to Schottky *. 
lA-t 

('o(a)'=/^(a)(^a, k (a.) = f m (a) da, c„{a)==f n{a)da, 

«!o (a) “ / /) (a) da, e„ (a) = /y (a) da, 
then fl >« auo (a) -+■ y/>o (a) + zc^ (a) - c^td^ (a) + e„ (a) 
is a wave-function whose derivatives with regard to a;, y, z, t 
are all functions of the single variable a. The function a is 
supposed to bo defined by equation (299). 


Example. If fa=l— «a, m^s+a, «=i(»-a), where* 

is a constant, the function X vanishes when (x, y, *, t) lies on the moving 
curve 


-*« ^ . 3«»-v8 




2^ . , s(8^--V^)’-2§ 


z s= 2'y. 


A point for which v is constiint moves in a straight lino with the 
velocity of light. 


§ 47, A wave-ftiiaotion with a fixed curve of singu- 
larities, 

L(^t T be defined in tenns of y, z by the equation 
, ar — (]o!p (t) -f yg (t) + zr (r) 

where p® + -f r® « 0 and a is a constant. 

Let 1/ « a -- op' (r) — y(j^ (t) — zr (r), 

1 

then XI * - / (5, r) is a wave-function f, 

A solution of Maxweirs equations may be derived from the 
potentials 

Ay^\f{e,r), ^, = ^/(d,T). <E> = 0. 

* Berlin, SUzungeherichte (1909), p. 1152. 

t Thig result was derived from a theorem given by Prof. Porsyth, loc. Ht. 
If we put ^wjS, r=a« the funotiona a, B can be used to obtain an eleotromagnetio 
field by the method of § 5. These functions are, of course, particular oases of 
the functions defined at the beginning of § 46. 


i:|8 FIKLDH WITH MOVfMtl SIXflfLAII Ci’IIVEH |c|{. 

To obtaiii a n‘al oli‘rtromngnt‘tie fiolii wo nitiHi rt^tai!! <nily 
thc^ rt‘al part-H of i‘xprt*ssit»nH. 

Iti can be Hhowai by putt ini^ 

p « l\(u, v) + (a, cK (Ji in, cl f. i‘K 

r = /i!j (u, ti) + ilij {a» vh u - Jiiu, cl i/l^ln, p'h 

that the electrotaagiu*tic fiehl hm gcan*rally a fiietl curv<» of 
HingidariticH. In the wpecial etuKi* when 

p :-vz 1 — T®, q « 2 t, r m I ( 1 4* A | h, *4 ^ * k, 

the fixed curve m thv eirch'^ ^ - | y ss | A. 

I 48. Cylindrical wavc-ftinotioiii with moving singu- 
laritics. 

If we define t in tisrtuB of x, y by ihi* eijuniioii 

f (t)P 4 [j^ {t)P tF, 

and define I (r), wi (r), p{r\ ho that 

(t) 4- (t) » e^p, 

/® -f w 

the function i / « t (x - f ) + m (y - | - c^p 

is such that 
is a 'Wave-function. 

In particular, if pmil we obf^iin 

Poi88on*B wave-function 

vAiA-O- 

Another interesting renult in that if F (x, y, i) m ii hoitici- 
geneous functicuii of degree whiclj HiitiHlies the wiive-i^tjiifiiioio 
the function 

O ms F(x«^ y ^ y, t r) 
also satisfies the wavi^ecjuation. 

If <r - (t) (a: - I) + (t) (i/ - >7) - cUi ~ rh 

the function 

1 

“:r/(T) 


a 


vui] 
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witinfitis the wave-ecmation only when ^^ + 7{^ — c\ When 
%z ia written in place, of ct these wave-functions can all be 
rep^anl(;<l jus solutiona of Laplace’s equation. 


EXAMPLES. 


L Lot 


in<mx/(r)- (t) ( («) *=*/( t ) -Jlf W C(<l) 

y-y/W- t] (i) ds, i=‘t/(T)-J''^/'(s)sds; 

wharo r is defined in terms of y, j®, t by moanB of equation (265) and the 
inequality n^if. Provo that if an eloctromagrietic field (^, II) is such 
that 


1 0T /I 0r ^ . 0r .0r dr (dr ^ ^ nr \ 

0 3l \e 0« ^‘) ' 


with similar equations, whore M^S[±iE^ then an electromagnetic field in 
tlio variables Xy I, i can be found such that we have identically 
Mpgd (y, z)-^Myd («, x) 4* Mgd (^, y) + icM^d (^, if) 

+ %c My d (y, t) + icMgd {z, t) 

SI M^d (y, i) 4- Myd (z, x)+M,,d (xy y) 

4 ^ tc Jfxd {Sy i) qr icSyd (y, t) + icMzd {Zy i)y 
where <i(y, z) denotes dyhz-dzdy and dxy dxy eta are two independent 
sets of increments of the variables. 

2. Prove that if /'(r) is always i>ositive the variable t increases with t 
Show also that if (J, 5? t correspond to (f, tj, f, r), the point (|, ijy C) 
moves along a curve P with a velocity less than that of light and that the 
velmatiei at two corresponding points of r and f are the same in magnitude 
and direction. 

3. Prove that the conditions imposed upon the electromagnetic field 
in Example 1 are all satisfied in the case of the field specified by the 
|H)tential8 (266). Hence show that the transformation transforms the 
field of an electron moving along the curve r into the field of an electron 
moving along tlie curve F. 

4 . Prove that the conditions of Example 1 are also satisfied for any 
olectrormignetic field of type (282) whore a and /3 are defined as in § 44. 
Hence show that a field of this typo is transformed into another field 
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FIKLDH WITH MOVINli (TliVtS |c‘IL YIII 


f>. IVovo that %\m fontlitimiH of FUiiUiph I are to i»ii!y Iwm 

iuniditiooH whiuli iiuplv that tiu» tiidd //) in ooiiju.gi4t4» to iiity 
inagruitif field of 

d. Pn^ve that. I'ltH^troiiiiigiiidir fiehla of ty|M4H mid JWISj niii 

trmiHforniod iistci tiehln of 
traiinfoniiatiou 




I m (#)/i 




> mmo 

gonoriil 

t.vi 

am witli till' i.! 

f) 


/'■ 

i «!#, 

[«) 

i 

f'' 

' ill fin - tis. 

of .r, 3, 

r, r, t hy 

fho 


. rip f | 

[• C*<'. 

d. r 

! p m [1 ■ |l ; it, 

d*.. if 

— >;! t / 

, 


<ki ^ 

♦ 11 


*' fa ' 


<i 

c^- 



it HatinlieH the |>iytiid difliTOitiiil ■<«|uatioii 

Ulrj ^ vV// ^ V^/ ” f** 

aud asiih %ft ^ ■ * 

the ftuiotion -f (i ± it p J " ' ^/{ ^ | 

Witintlen l4ipliu'a*a tic|yatioii. 


I). Prove that if In the li*at exaitipk wn write 

/{^+'’i')'"^ 4,^, 

and integrati'^ with wiganl to w laitwi^m l> and iw wo oaii i.d.i|4iiii m imUmlml 

funotioii whkh i« ontMuh the litla? < 1 

If), I'^artieleH are in rlim^tioiis frrmi llio fliirniiit 

|.M«ltion« of a tinning elortron and travel iiliiiig ulmiglil line# wiili tin^^ 
vilcwity of ligltt. Provi% that if the law, arponliitg l*i wlindi t.|wi tiiim:'t.i«ii 
of projiiotion variw with tin* vidmiiyf of the el»«’'t,.rwiii Iw* «iiit*ldy 
the iiartiekia will iil eindi inatant ft*riii a lino «»f phwlrir' in tlie 
ilootroinfigiifitie fiold dtin to the niovtitg eleflp:*ii. 



CHAPTER IX 

M IHUELLANEOUH THEORIES 

§ 4S). KlrchhoATa formula and its extensions. 

All inijmriiuit Hulution of the wave-eijuation is embodied in 
Kirchhoffn formula^ which is usually interpreted as the mathe- 
matical <*x{)rcBBion of the |)rinciple of Huygens. This formula 
Iian bocui extendt‘d by Lovef and Macdonald^ so as to give 
a repr(«Mita.tion of an ek^ctromagnetic field outside a surface 
in t(^naH of tlu^ td(‘ctric and magnetic forces tmigential to 
th<^ surface. In Macdonald’s formula it is the time derivatives 
of K and H that are so expressed. Tonolog has given a 
formula in which E and H are expressed in terms of their 
surface values. The formulae are given in examples 3—5 at 
the end of this chapter. 

Whan the surface is a sphere Kirchholf s formula reduces to 
the formula of Poisson || (Elx. 6) which enablers us to find a wave- 
function which satisfies the conditions 

u«‘f{so,y,z), 

PoisHon’s formula may bo used to derive the theorem H that the 
tnoim value of a wave-function u over a sphere of radius cr at 
time t is equal to the mean value of u at the centre of the 

• tkrlin. Btir. (188a), p. 641 ; WUd. Ann. Bd. 18 (1888) ; Qet. Abh. t. 2, 

p, Slmpl® proofs of th© formula have been givou by Beltrami, Rend. Acc, 
Um. Mem, ($), t. 4 (1805) ; Baraior, Proe, Lmidm Math, Soc, Ber. 2, Vol. 1, p. 1 ; 
Lov®, iUd, p. S7 (1008); laamb, Eydtodymmici, 2nd edition (1006), p. 477; 
H. A. Loronte, ffm Theory of MUctrom, p. 238 ; B. Laura, XI Nmvo CimerUo 
(1018). 

t Phil, Tram. A, Vol. 197 (1901). 

X MketHe IFwfJ, p. 16; Proc, London Math, Soc, Ber. 2, Vol. 10 (1911), 
p. 91; RML Tram. A, Vol. 212 (1912), p. 295. This theorem gives an 
analytleal gpeoification of agenmlised Green’s equivalent layer. Bee p. 29. 

I AnmM di Matematicdi^ Ser. 8, t. 17 (1910). 

li The details of the oaleulation are given by Love, Uc, cit, A simple proof 
of Poisson’s formula is given by Lamb, he. cit, p. 471. 

II Of. Rayleigh’s Bound, appendix, and H. Bateman, Amn. Jowrn. (1912), 
where some other theorems of a similar kind are given. 
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Bpht^ri' (hiring th(" interval f — r U> i ^ r. The funetioii i 
8uhjcH4 to ihi^ (ioiHlitiiniH in Kirckht^FH theert‘iu. 

Wht»n thi‘ fuiictinn h \h indt‘p(‘n{leiii of 
Ihnnula recluc*e,»H to Farnr’valH fonnula tor a eyliiulrioal wi 
fmictioiL V((Iti*rni* han t*xton<ltHl IhirHovarn foniuila «t' 

to obtain a two-dinnaiHiimal anahigta** of KirohliolFH forn: 
Hin formula indicak^H that the pro|Migal4tm of oytiiid! 
wavoB IB oHBontially difftutmt in chanw’ku* from iliat 
Hpherical waven. In the throi^-dinmiiHional oiwt* the vnlti 
a wavi^-funetion a {j\ y, z, t) at a jioint (»r, y, z) at tii 

18 complatoly detorminod by the valut^H of a and ov- 

connontric Bplu^ro of naliuH nr at timo t - r. In tin* 
dinumBional caHe, on the othi^r liiuah the valito of u (*i\ y, i 
a point at tinu^ in not dotonninoci by the valuoa of u 


dn 


dt 


over a cmmontric oirclo at timo To find ii (^» y, i 


3a 

must know the values of u and over n of «aeh <si 

m 

in which the radius cr varies from 0 to m>ine other viilui 
The eBsential difference between thi^ two cases may be i 
buted to the fiw^t that in the threiodimeniional C4im^ the v 


function for a source is of tyjK.) while in the 

dimensional ease it is of tyjm ^ 

does not leave the region undisturbed aftc^r it him {hi«s(h: 
has a tail or residuef* 

When u m a periodic function of t, KindiliofFs forniulii 
be replaced by the simple formula of Belmholuj. In tliii 
there is an analogous formula for cylindriciil wiivivfunetioii 
function K^{ipk) taking the plants of c^^/r. 


I 50. Graan^s Fmottons. 

The solution of a problem in which a |>©riiMiic wave-fiii 
is to be determined from a knowliidgii of ite iMiliiivio 

* dUa M&th» 1. 18 ; Lmtmrm al Clmk Ufdimdi$ flflt), p, SS. 
t Sie l4u»b*i H^dfpifmmim, p, 474, 

t Se© ilso I. llactauMd, IML dte te Bmiiii mAth, 4§ Friin^ff, i tS 


(•(‘I't.ain hotindarit'H can Iw made ti> d(;{)(m(l on that of an 
auxiliary problcnii, viz. the dotonuination of the Qrcon’a 
function*. 

Ijct (H (;r, j/, 5 ; a:,, i/,, i,) bo a Holution of Au + k^u = 0 with 
th«( following propiu’bit'H : It ia to bo finite and continuous, 
iiH also its fu-Ht and Hoeond dc'rivativcs, in a region bounded 
by a Hurfaei' S, except in tlu( neighbourhood of the point 
(^'i . ;'/i . *j). where it is to be infinite like cqb kr/4nrr, when 
r 0. At the surface *S', G satisfies some boundary condition 

such as (1) 0 or *=0. 

Adopting the notation of Pleiuelj f and KneserJ wo shall 
dtuiote the values of a function <j) (f, i), f) at the points (x, y, z), 
{.'‘h,yu respectively by <)> (())and (1). The Green’s function 

is then denoted by the symbol G{0, 1). The importance of the 
Grcim’s function depends chiefly on the following theorem. 

Let ^ be a solution of 

A<f» + k^ff} + f(x, y, z)=‘0, 

which is finite and continuous, together with its first and second 
derivatives, through the interior of the region and satisfies the 
m»,me boundary condition as G(0, 1), then 


III f (0) G (0,1) dxdydz. 


This thaortnn is proved by applying Green's theorem to the 
region bfitween a small sphere 2, whose centre is at 
and the surface S, For since 


-IK* 




wo obtain the required relation by making 2-*-0 and using the 

boundary conditions. 

* This function was first used by Green in the solution of a problem of 
#l©0teoitatic8, M»$av m the application of matlmmUeal analy»u to the theoriee 
of ckctrMty and magmtkmy Nottingham (1828) ; Math, Papers, p. 81. 
t MomtihefU fflr Math, u. Phys. (1904) and (1907). 

$ Me Inkgralgldchungm und Hire Anwmdung in der mathematuchm Phystk, 
I SI, Brunswick (1911). 
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If r; (2,0) in the ('JrcM'nH function for the wiine botiiiciary 
conditional fr(2, Olnit for k^cr, wt* nawt also «iirroiifid the 
point (2) by a sinall nphi^e wluai we apj)ly C.irinniH theca^ran 
with ^(())=s r/(2, 0). We thcai obt^iin the etpiation 

(J {% 1 ) = (/ (2, 1 ) - (^■» - e) j\ I </ (2, 0) G (0, 1 ) tLrdi^tlz. 

This important relation indicatoH that/; (2,1) in the solving 
function of an integral tHpiatitai of which fr(C), I) in kerm^ and 
vice verB(t Tht* thtHiry of intt*gral et|tmiionH k*!ls iw that when 
(r(0/i) is givt‘n there may bi* ctuiain ningular viilut**H of u*® 
for which <; (2, 1 ) in run. finitit, Tht‘He are the valm^i^ of for 
which the homogeneouH integral etjuiition 

( 1 ) » (<t'^ — If) f ff ^ ^ ^ dj'dydM 

poBHC^BBCB a continuous solntum ^(0) which is diftarent from 
zero. Formula (2) indicaten that for such valties of the 
differential e(juati(m «* 0 posseases a solution witisfy- 

ing the boundary condition and the other caaiditioni 
on This BolutionB of this type*, are- iff grrsat im|H>rtan€ii in the 
theory of Bound and have been diHcusmsl by many writers*. 

If we put /(()) — A^)r/((), 2) arvd prc>ceiKl an before, 

Qreeifs theorem gives 

g (1. 2) (2,1)- (if - c») jjj g (0. 2) G (0. 1 ) daii/dz. 

Putting cr =8 A* and cora|mring this with the prt*viouM e<juiition 
we get 

y{l, 2 )^ff( 2 , 1 ), 

Hence the Green’s function is a syinmi^tric ftmeiion of the 
coordinates of the points 1,2. When the iKuuuIary cfuiditton is 

~ » 0 this result is equivalent to lii^lmholtz’s tht»t>reiiif. 

Since G is a real symmetric function whim i*»CI it follows 
from the general theory of intejpal eqtiatioris tliiit tlien* m 

* Sea aipeciftlly Lord Bajlaigh, Veil. *J*, 

IHffermUalgUichtm^i A, Bommorfakl, Mmr§kkppilik iltr Mmk^ 

Band ii. 1, Haft 4, p, MO. 
t CL Rayleigh^s S’oMtiil, VoL 2, p. Ul, 
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at least one real singular value of cr^ ; that all the singular 
values are positive may be deduced at once from the 
equation 


f f c c c 

O'- jjj <l>^ dxdydz ~ j j j dxdydz 


■IL 


VfW 


/0<^y 

1%/ 


+ 


/^Y 

\dzj 


dxdydz. 


The Green's function is usually obtained in practice by finding 
suitable expansion in terms of elementary solutions of the 
equation Aw + k"u =■■= 0. This method is explained in Heine’s 
Kugelfunktionen and many examples of Green’s functions are 
given for the case yfc = 0. The general case has been discussed 
at length by A. Sommerfeld^ who also obtains a number of 
definite integrals which represent Green’s functions. These 
expressions lead to interesting generalisations of Fourier’s 
theorem. 

The problem of electrical oscillations in a cavity has been 
discussed by Weylf. With the aid of a generalisation of the 
Green’s function, viz. a Green’s tensor, he obtains a number 
of inequalities satisfied by the periods of vibration. 

The Greem’s function for the equation Au + k^u = 0 can 
theoretically bo found when the corresponding Green’s function 
for the equation Aw = 0 is known. Considerable progress has 
been made in the theory since the appearance of Heine’s work 
and BO a few references to recent literature will be useful A 


* Phy«. Zdt$chr. Bd. 11 (1910), p. 1087; Jahreshericht der dmitsch. math. 
Verem, Bd. 21 (1918). 

t Math. Ann. Bd. 71, p. 441; Grelle, Bd. 141 (1912). 

4: For the determination of special Green’s functions see E. W. Hobson, 
Camhr. Phil Tram. Yol. 18 (1899), p. 277; H. M. Macdonald, Xhid. p. 292, 
iVoo. L<mkm Math. 8oc. Yol. 26 (1895), p. 161 ; A. G. Greenhill, Proc. Camhr. 
Phil. Soc. Yol. 8 (1880) ; J. Dougall, Proe. Edinburgh Math. Soc. (1900) ; 
H. B. Oarslaw, Xhid. (1912), Proc. London Math. Soc. (2), Yol. 8, p. 865; C. W. 
Oseen, Arkiv pW mat. Bd. 2 ; 0. Neumann, Leipziger Beriehte, Bd. 68 (1906), 
Bd. 62 (1910) ; W. Burnside, Proc. London Math. Soc. Yol. 26 (1894), p. 94. 
For the general theory H. Poinoard, Rend. Palermo, t. 8 (1894), p. 67; 
B. i^aremba, Ibid. t. 19 (1906) ; E. B. Neumann, Studien ilher die Metiiode 
von €. Nmmann und G. Robin zur IMsung der heiden dwertaufgahen d&r 
PotmtiaUheoHe, Leipjaig (1906) ; D. Hilbert, Gdtt JStachr. 1904) ; M. Mason, 
Newhavm Math. OoUoqxdum (1910) ; E. Picard, Ann. de V^colc Normale (1906), 
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good account of th(‘. duvelopnuuitH up to IflOO ia givcui in 
Sonnnerfelds article in the Enci/klopadie dm* Mutfmmatiichen 
WissensclMiften, 

§ 51. The transformation of the electromagnetic 
eqnations. 

The tranafonnatiouB which am he uaiMl to tnuiafunn any 
solution of the wav(**-e(juation into atiothiu* or any 

electromagnetic held i!iU> anothcu* Indcuig to a grouj> which 
is charscteriHod by a relation of the h^rtn* 

4- rft/' + (d.v^ + df 4- dz^ - 

The linear transformationB btdcmging to thin group art‘ of grc^at 
importance in the modern theory of relativityf; tw<» of the 
non-linear temsfonnatione have lan^n mentioniHl in | 

In addition to these tranaformations then* are other trans- 
formations, involving arbitnwy functionH in their H{Kicifieation, 
which can Im applied to certain tyjHjsH of wavtofunetitais, and to 
certain types of electromagnetic fields, ''rhere are often two 
families of wave-functions to which a giviui transformation can 
be applied, when the tmesformation is of a suitable chanmter ; 
each of these familii^s may be dt‘firuHl by aline*ar relation which 
enlists between the wave-function and its derivatives, sometimes 
between the derivatives aloru^. Home idea of the theoiy may Imi 
derived from the examples. It also hap|xvni that tht^n:^ is often 
a fiimily of electromagnetic fields to which a given trarisfonnii- 
tioii can be applied and this family is di^fined by mearis of two 
linear relations between E liml if, which can he interj>ri*li<»fl to 
mean that the field is conjugate t()sunie clefinikHdectnuriagnetic 
field or fiimily of olectromagnc*tic fields dt‘tenfiiiii*ci by the 
transformation. In some awii^s tlmse li-wti fu*lclH are 
jngate and the transformation is applicable in fclnan aim 

H. Batemaja, Fme, Lmidim Maih, St>e, Bur. *i, VcL 7 flWI), V«L 8 (IilCI| | 
B. Cmnnittgham, IIM, VoL B (1910). 

t For this i©® A. Binitola, Amu <1, IM. 17 (liOi); fjiti©, Dim 

BilaUvimtqyrirnip, Bniiwwlok (19U); B. Otmriiriglmtti* Mtitmh 
M^orU (1911) ; H. Miokowski, QMt, t^achr, (IW) ; 1, II. Wlkriri will CL N. 
Lewis, Proc. Anher, AcduL o/Art^ and *Sdewts, ¥oL 4» {191*1), |i. Il«» ; J. Iiililwiim, 

* * lilier fllfi ItfilmtivitlLiHfchmmil-” Jithrhm^k fiMf ihtiliiMtktiirliiit 
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The fact that the condition of conjugacy between two> 
(dcctroinagnctic fields oft'en implies the existence of one or 
inoro transfonnations depending on arbitrary functions, may 
be rcgardtid as of some philosophical interest. 


MISOKLLANKOUS EXAMPLES. 


1. Show that, tiho most general periodic solution (valid for all 
space outsido a given closed surface) of the wave-oipiation is 

^ " {^’+ Q 'I' - ;)} 

wharo P and Q aro arbitrary fimotionB, r is the distance from the element 
of Hurfiwio d)^ to the point where ^ is estimated, and yjr is the angle between 
r and the outward drawn normal Show further that the necessary and 
suflieient eotidition that the value of given by the same analytical 

dO 

oxprwHion, should vanish for points inside the surface, is that P= . 

(Cambr* Math. Tripos, Part II, 1904.) 


% last U Im A function which satisfies the wave-equation and is such 
that its diffemntial c<Hd!iciente of the first order are continuous functions 
.r, 6 within a region boundeii by a closed surface S. If either Q. or 

da 


dn 


be given for points on tlie surface S there is only one function a which 


a given funtdion f{,t\ y, s) for t^t^. 

(A. K. H. Love, Ptmu Lnidon Math. ^oc. Ser. 2, Vol. 1, jk 42; 
J. ILwkmard, IhdL de la ^oc. Math, do France^ t. 28 (1900).) 


S. If througliout a H|KKuiied region of space and a specified interval of 
time u and its difierential eofdllcieiits of the first order are continuous 
funetiouH of a’, y, s and of if also the differential coefficients of the 

d^u d‘^Ui 

siHitmd order such m ai-e finite and integrable, then a solution of 


the equatitni 

G'adhfr (^, y, 

which is valid for this region is given by the foramla 

« ;v.H -.M / 1 (l«] fVi C) ~ f Bl] ■■ J £ [l?l 

1 


w 


dxdydz^ 
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region and over itn lunnulary. function rr In hii|»|h»hihI t<i fuufo and 
integrable and a quantity within w|UHn^ l»rafkot« ih caliiilatod at,, tina^ 

(<#. KiiviihotK) 


4. If an alentroinagnotio fndd in huoIi that the rogit^n (htoa 

not cotiit/un any ohargos i»r t»unvn'Otit»u mmmiH and M ■ //•!■ l A*, tho vnlun 
of the vcx}t<»r if at (d\^ in givon l»y tho formulii 

4rir/s^ j 1 1 [iff] «»r — ( if|, t oo« nr [M^] vtm ra} 


■*■ c ("v,, // ^ 

q-i [if#] ocm. — i [ilf,,J vm ni\ 

5, Fro?e that in t\m «f«n« oirtnuuHteiirttM 

+»//[5 © 0 ^ cV,.k-., C, 


at III nr - 1 Jf^ ji*t.ii4 m 


(A. ''ruiMihi.) 


^ JJLWVJ ^ Kr/ * \fj r» 

where a«ft[ifJ“-i^[Jfyl, etc. and (X» g, »^) are tlie dirtH'litm of the 

Bomial drawn Into the rogion iKiiintliHi by A* 

(If. M. Miiwlotiaitl..) 

6. If is a wiwe-funotioit ltKki|.*en«ii,*nt of s fiiitl |a*ri«li4i in i likn 


» (•»(>, yo)*’jjl./ {n (»*'■) 




7. A wa? 0 -funotion which mtiafltw thii aiitdilititiH 


W ’^’/(*». !/, -’) (■«'. |A *) 

is gi,ven by the formula 

where /, ^ denote tlie immn valuoM of/, #; in«|Miciiro|y o-vor the utirfaw o 
a sphere of radius at having the |wd.nt jp, f , « m mmtm. 

(H, 1,1. Ftii^ani, 

8, If V 4* lutd l»iw tliiitii ^^ontl tliiri^^niivim wiihij 

a suitable domain 

« y., to-l « (-r. f . t) 


. j I 


dir B 
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atul tr cioiioitw arc^a within the cirolo cut out on the plane T=i by the 
oylimlor 

(Parseval and Volterra.) 

il that if a transformation of variables from (sn, y, z, t) to 

y, i, t) in Hueli that 

4- difl »f a*® {dx*^ + dy^ + dz^ — dt^) '{'(ldiC'\-mdy'\'ndz— cpdt) 

(?0 +* ^0 % + % ~ cpo dt\ 
whon^ it can be used to transform an 

tdnofenimagnctic held (A\ //) into another electromagnetic field {E, E) 
with an identical relation of the same typo as that used in Ex. 1, Ch. vin, . 
if the two conditions embodied in the relation 

M-m (wjio - ('a^o -»• ihif) 4- - ^om) + f J4 {Ip^ - l^p) 

+ i My (mpo - ^Yiop) + i [np^ - woj?) == 0 

arr^ satisfied. 

Prove that the conditions can also be thrown into the form 
(f/„ 4* nmh 4* mh +pp«) i4 T i (npo 4- n^p) .My ± i (mpo + ^oP) 

^0 {IMsc 4 - i (4 4 - ^0 *^ 1/ + ^^0 ^s) 

mid similar t^inations. 

Ii>. In the hist example if Iq^I^ %«*a, po®* -p) conditions 

art^ Midastlmi if Pt^ynting’s vector is in the direction (?, m, n). Show, in. 
isirticular, t.hat the trausft>miation 
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I L If a trarwfijrmation of coordinates is such that 

d^ 4- ^ X^ {dx^ 4- dy^ + dz^ oW), 

where X is a function of y, f, t j there is also a relation of type 

ix - 4 (y - y,f 4 (I 

( J. Liouville and S. Lie.) 

IS. Prtwe tliat the diflerontial cKpation 



in vmmmtt for a transformation of the type considered in Ex. IL 

(S. Lie.) 
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uf thfi t.numforuuitioii of Kx. 1, p. 139: ako the case of a trans- 
ftirinaf ioii wliirli l^avt^ tlu) funotiouH A', F, Ex. 7, p. 80 unaltered in 

fn'rnu 
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i dw 
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vfwuMht‘i4 lit inliuity and hm cotitinuouH derivatives except at points of the 
«nirvf^ if where iin normal derivative is discontinuouB in such a way that 

the syifiliol Iwung tmed to denote the ooorciinatcH of a point §, then 
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Kl. Prove that 
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(Levi-Civitii, Nmm Cimento, 1897.) 
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mtitl 4(#) k til# ftmettim Jo («^)- ^Of ^0 h arbitrary 

«iii>itintte. Brillouin, Oompim I&induSj 1903. 
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and /q (&) m the Ikwaol’a fnnotiou .4 ii0}, 

Tho fimt intogral oxtiinds t*vor iho vidnitir i^noh^m^d tiy U4li tho nplion* 
f*li and thi giirfaeo I; whtin this »|ihom ontu tlio tho wtH^oitd 

iafcogml ©xteiids over the |wirt f»f tln^ sphoriral atirfatv inwnii* 1, tint fiwt 
two ink^rals oxtiiid over thti part of I whioh iiHith^ iho 11it^ 

norinid n k Bup|M.>«id to Im drawn intn tho mgion of iiit«»iirait«*ii, If ^ is n 
closed surface aiid (.1*11, jfii, %,) liw oiitaklo, tho ri^gliiii af sntourttfioii 1% tho 
ip^ii outsid© S and insicin the sphonn 

(M, Hrilliiiiitii ihmpi^M 


SL Lot % ® Imj diiiiiiftl in Umm of # by Iho i+xiuaf ouo* 

W aCM^+ 1#), sin C|t 4 !'»)* # - mu #1 nw 
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liquation All 0 is i\mn givwi by u->^yF{(^fi) provided F Batisfios the 
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(U. Aiualdi, Rmid, .Pakrmw (1902), p. 1.) 

ii, Prove tliat the following traimfonnationH of coordinates lead to 
binary Ia\ to »olutioiw<if Laplacufs equation of typet6«=ii’'(f, tj ) : 

i«) 3-»;; 

(3) j* » I roH 1/ r. - ^ Hill {, s«B — m { ; 
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pii 4 |i*%c 4 lvi 4 y. In ill*' ^dlier i^amm the dillbwntiia i^uations are already 

fsiiiiiliiir. , V . 

(T. UwidHvitil, 7*uHn Mmnmrn^ (2) i 49 (1900).) 
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fWU' -fji '/I 

whorti if Mf n natinfy thii ndation 

15. Show that wavii»l\ifw?ti«iin of ty|n^ y/0) tmy \m fro 

sohiiiotii of «n|iiati«*ri of thin ty|n^ liy trnmm of llio nwiilta givi 
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